MAE 140 - Linear Circuits - Winter 2008
Final

Instructions
1) This exam is open book. You may use whatever written materials you choose, including your
class notes and textbook. You may use a hand calculator with no communication capabilities.

2) You have 170 minutes.

3) On the questions for which we have given the answers, please provide detailed derivations.

Question 1 — Equivalent Circuits

Figure 1: Circuit for Question 1 (i)

®
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Figure 2: Circuit for Question 1 (ii)

Part (i) [5 marks] Assuming zero initial conditions, find the impedance equivalent to the circuit
in Figure 1 as seen from terminals A and B. The answer should be given as a ratio of two
polynomials.

Compute

Z(s)=R+[1/(sC)//(R+ sL)]
(R+sL)/(sC)
R+sL+1/(sC)
R+ sL
s2LC 4+ sRC +1
R(s’LC + sRC +1)+ R+ sL
s2LC + sRC +1
~ $RLC+s(R*C + L)+ 2R
B s2LC + sRC + 1

[+5 marks; partial marks for partial work]

Part (ii) [5 marks] Assuming that the initial condition of the capacitor is as indicated in the dia-
gram, redraw the circuit shown in Figure 2 in s-domain. Then use source transformations
to find the s-domain Norton equivalent to the circuit as seen from terminals A and B.



a) b)
() l ()
R 1/(sC) @ C vc(0) @ 1/s I “ I(s)
o3| o

Figure 3: Sequence of Transformations — Question 1 (ii)

First transform the circuit to the s-domain to include the current source Cvc(0) in parallel
with 1/(s C) as in Figure 3a).

[+2 marks]

Associate the capacitor and resistor into the impedance
R
Yol R

Z = =
(5) R-i-% 14+ sRC

and add the two current sources into a single current source
I(s) =1/s + Cvc(0)

The Norton equivalent circuit is then shown in Figure 3b).

[+3 marks]

Question 2 — Laplace Domain Circuit Analysis

Figure 4: RC circuit for Laplace analysis.

Part (i) [2 marks] Consider the circuit depicted in Figure 4. The voltage sources are constant.
The switch is kept in position A for a very long time. At ¢ = 0 it is moved to position B.
Show that the initial capacitor voltage is given by

ve(07) = L5V,

[Show your working.]

With a constant input and the switch in position A for a very long time, the circuit reaches
steady state. In steady state, the circuit is described by all time derivatives of signals being
zero. In particular, d”git(t) = 0. Therefore, the steady state current through the capacitor is
zero, as is the current through the resistor R;. In this configuration the resistor R in parallel
with C and the resistor R in parallel with the upper voltage source act as a voltage divider

yielding vo(0~) =3R/(R+ R) =15 V.

[+2 marks]



Part (ii) [2 marks] Use this initial condition to transform the circuit into the s-domain for ¢ > 0.
Use an equivalent model for the capacitor in which the initial condition appears in a
current source.

[Show your working.]

B
1/(sC) T 3r2c

Figure 5: s-domain circuit.

With the initial voltage from Part (i), redraw the circuit for time t > 0 as in Figure 5. Note
that the initial capacitor voltage V- (0) appears as a current source 3/2C in parallel with the
impedance 1/(sC').

[+2 marks]

Part (iii) [3 marks] Use s-domain circuit analysis and inverse Laplace transforms to show that the
capacitor voltage satisfies,

vo(t) =3 (e—%/m@ 1 /2) u(t)

Hint: simplify the circuit, transform all voltage sources into equivalent current sources
and use nodal-analysis.

[Show your working.]

Ve(s)
3/(sR) ”}§ “ 32C

Figure 6: Simplified s-domain circuit.

First eliminate the resistor in parallel with the voltage source from the circuit as its current
will not affect the voltage in the capacitor, then transform the voltage source which is now
in series with a resistor R obtaining the circuit in Figure 6.

[+1 mark]

Choose a reference node and write node-voltage equations by inspection

2 3 3

Dividing by C
(5 +2/(RO)) Vels) = o (5 — 2/ (RO))

then

3 s=2/(RC)

Vels) = 50 s /mroy)



[+1 mark]

By partial fraction expansion

_a o
Vels) ==+ 755 wmo)
where
. 3s-2/(RC) 3 . 3(s—2/(RO))
— lim 22— 2 - ] A T A/W))
=S S To/(RO) T 2 2= T 2 5
that is
3 3

Vels) = o5 Re) ~ 25

Hence, taking inverse Laplace transforms,
vel(t) = (36—%/ (RO) _ 3/2) u(t).

[+1 mark]

Part (iv) [3 marks] Use the final value theorem to show that the voltage on the capacitor after the
switch is kept in position B for a very long time is given by

veo(00) = —1.5V.

Verify whether the same solution is obtained from the answer to the previous question.
[Show your working.]

From the answer to Part (iii)

3 5—2/(RC)
Vels) = o5 S35 (RO
Then
. . .. 3s5—2/(RC) 3
Am ve(oo) = lim sVo(s) = lim 5 == 7 = 3V
[+2 marks]
Also from Part (iii)
vel(t) = (3e—2t/ (RC) _ 3/2) ult).
so that
. . _ 3
tlir(r)lo vo (o) = tlirgo (36 2t/(RC) _ 3/2) u(t) — §V

which gives the same answer.

[+1 mark]

Question 3 — Active Filter Analysis and Design



Figure 7: Filter for analysis

1/(sC)

Figure 8: Filter in the s-domain

Part (i) [4 marks] Assuming zero initial conditions, transform the circuit in the Figure 7 into the
s-domain and compute the transfer function from V;(s) to V,(s).

First transform the circuit into the s-domain as in Figure 8.

[+1 mark]
Then
B Ry g
Vp(s) = Ry + 1/(30)‘/1(8)
and
. Ry + Rs

Vo(s) = TVP( )
[+2 marks]
Therefore

Ry+ R
T(S) :V%(S)/Vo(s) = 2R2 38“!‘1/8(R10)

[+1 mark]

Part (ii) [3 marks] Showing your reasoning, determine the nature of this filter's frequency re-
sponse. Further, determine the gain of the filter and its cut-off frequency.

This is a first order filter so that the filter’s characteristic can be obtained evaluating T (jw)
asw — 0 and w — oo. In this case

lim T(jw) = 0, lim T(jw) = T2 F8
w—0 w—00 R2



Therefore it is a high-pass filter.
[+1 mark]

The cut-off frequency coincides with the absolute values of the pole

we =1/(R10).
[+1 mark]
The gain is the peak value of the absolute value of the frequency response which is at
w — O
K = lim T(jw) = M
w—00 R2
[+1 mark]

[You also get marks if you associate the transfer function with the expressions in the book
and invoque the book’s results, as long as they are correct.]

Part (iii) [3 marks] If C' = 100nF, find values of R, Ry and R3 so that the cutoff frequency is 10 KHz
and the filter gain is 2.
From the answer to Part (ii)

1 1

.= = 2710* Ry = = —KQ
YT Re T = M T 0T x100x 109 27
[+1 mark]
Also

K:M:2:>R2:R3.

Ry

[+1 mark]
For instance, Ry = R3 = 10 Kf.
[+1 mark]

Question 4 — Laplace Domain Circuit Analysis

()

Figure 9: Frequency Response Circuit

[6 marks] Formulate node-voltage equations for the circuit in Figure 9. Use the reference node and
other labels as shown in the figure. Do not assume zero initial conditions!
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Figure 10: Circuit in the s-domain

First transform the circuit into the s-domain as in Figure 10.

[+2 marks for correct circuit]
[+1 mark for correct initial conditions]

Then write the node-voltage equations by inspection

L+sc -4 —sC Va(s) I (s) + Cvc(0) — i (0)/s
-r 44 0 Ve(s) | = ir(0)/s
—sC 0 sC+ 5| \Vel(s) —Cve(0)

or one-by-one using KCL.
[+3 marks for correct equations]

Question 5 — Frequency Response

[4 marks] Let L = (1/x) H, C = (25/7) uF and R = 200 Q. Using what you known about frequency
response, find the steady state current i»(¢) in the circuit given in Figure 9 when the input current
is i1(¢) is a cosine function with amplitude ‘1’ A and frequency 100 Hz.

First compute the transfer function from I (s) to I5(s) using current division:

1
- R+ 1/(:C) B R+sL __ sC(R+5sL)
Iy(s) = t 1 L) = sp1/Go) 750 ) = Trserc + 2o )
R+1/(sC) R+ sL

Then
T(s) = I(s)  sC(R+sL)
- Li(s) 14 s2RC + s2LC"
[+2 marks]
Now evaluate T'(s) at s = jw
) jwC (R + jwL
T(jw) = —2 (R+jwl)

(1 - w?LC) + jw2RC



atw = 2007 for L = (1/7) H, C = (25/7) x 1075 F and R = 200 Q. Some auxiliary computations
R+ jwL = 200 4 j7200/7 = 200(1 + §)
1-WLC=1-4x10"x 72 x25x 107%/7% =0
Jw2RC = §400 x 7 x 200 x 25 x 1075 /7 = 25
jwC = j200 x 7 x 25 x 1076 /7 = j5 x 1073

so that

5% 1073 x 20001 +j) 1 2
T(j200m) = £2° ;j (+j):§(1+j)=§17r/4.

[+1 mark for evaluating T'(j2007)]

Now evaluate response in steady state

2
i5°(t) = |T(2007)| cos(2007t + /T (52007)) = g cos(200mt 4 7/4) A.

[+1 mark fori5*(t)]
[Other approaches are possible and will be taken into consideration]

Question 6 — Op-Amp Analysis and Application (Bonus)

[T
—

Figure 11: Op-Amp Circuit

Part (i) [4 marks] Using the fundamental op-amp relationships, find the transfer function from
Vi(s) to V,(s) in Figure 11. Assume zero initial conditions.

Write KCL at node “—’

Now use the fact that V,,(s) = V,(s) = 0 to write
Vo(s) = —=(sR3C)V4(s).

(You can also arrive at this using the inverter op-amp relationship directly!)

[+1 mark]



Now write KCL at node A
1 1
== (Va(s) = Vi(s)) + 2-Va(s) + 5CVa(s) + 5C (Va(s) = Vols)) =0
1 2
with V,,(s) = 0.
[+1 mark]

Put the two together to write

1 1 1

=49 — ==V
so that

i+i+250+5202R V, (S)*iv'(s)

TR 3 ) Va(s) = I
[+1 mark]

Now substitute V4(s) for V;(s)

sRsC (1 1 gome N

- — 4+ — +2sC C?’R Vi
i (R1+R2+ sC+s 3 (s)
_ S Ri+ R» 9 1
R C

Vo(s) =

—1
2
v,
CPRaRiRy | CR3S+S> (s)

To help with the algebra define

wz _ Rl + RQ /8 o ].
" C2R3R R, " CRs
so that
S
Vo = - [
() Ri1C(wi +283s + s?) Vi(s)
[+1 mark]

Part (ii) [3 marks] Calculate the input and the output impedances of this circuit.

The output impedance is the output impedance of the opAmp, which is close to zero.
[+ 1 mark]

The current seen from the source V;(s) is the current on the resistor R;

1

(Vi(s) = Va(s))

and the input impedance is

[+ 2 marks]

From the answer to Part (i)

Va(s) 1
Vi(s)  C2RiR3(w3 + 2583 + s?)




Part (iii)

and
VA(S) . [Cleng(Q) — 1] + 202R1R3ﬂ8 + 02R1R3S2 . 1-— 1/(02R1R3w§) + 283s + 52

1— -
Vi(s) C?R1R3(w3 + 283s + s2) w2 + 28s + s2

so that
B Ry(wd +28s + s?)
11— 1/(02R1R3w§) + 20s + 52"

Z(s)

[3 marks] Set Ry = 1100 2, Re = 1200 2, R3 = 150 K 2, C = .01 pF. Tell me as much as you
can about this circuit’s function.

First compute w and 3

Ri+Ry 2.3 x 103 . 23x10° 116 % 10°
C2R3R1Rs 10716 x15x105%x1.1x1.2x106 1.98x 105

1 1 2
= = 210° = 0.67 x 10°
CR;  15x105x10-° 3 x

Nouw let’s look at the poles of

2
Wo

5

wi +2Bs+s>=0

which are of the form

s=—B+/8%—wi=—0.67x 10>+ 1/0.44 x 106 — 1.16 x 108

= —0.67 x 103 + /—1.15 x 108
= —0.67 x 10® + 51.07 x 10*

So this operates like an RLC circuit, with two complex conjugate poles at
—0.67 x 10® + j1.07 x 10%.
It could be a band-pass or a band-stop filter.

[+ 1 mark]
For the qualitative frequency response let us look at s — 0 and s — co. From Part (i)
Vo(s) s
T = = —
() Vi(s) RiC(w? + 2085 + s?)
so that
1ir% T(s) =0, lim T'(s) =0

so that it must be a band-pass filter.
[+ 1 mark]

For other quantitative information we can use directly the expressions derived in the book.
For example, the center frequency is

we = wp = V1.16 x 108 = 1.07 x 10? = 10700 rad /s = 1702 Hz.
The banduwith of the filter is
B =203 =3.34 x 10° = 3340 rad/s = 531 Hz.

The @ of the filter is

wo 1702
Q= B~ 531 =32

[+ 1 mark]



