MAE140 - Linear Circuits — Winter — 2012
Final, March 20th

Instructions

1. This exam is open book. You may use whatever written materials you choose,
including your class notes and textbook. You may use a hand calculator with no
communication capabilities.

2. You have 170 minutes.
3. Do not forget to write your name and student number.

4. This exam has 3 questions, for a total of 38 points and 4 bonus points.

p ©

(@) Question 1 (a) (b) Question 1 (b-e)

1. Circuit Equivalence and Nodal Analysis

(@) (3 points) Assuming zero initial conditions, find the impedance equivalent to the
circuit in Figure 1(a) as seen from terminals A and B. The answer should be given
as the ratio of two polynomials.

Solution:
Assuming zero initial conditions, the circuit is equivalent to the s-domain cir-
cuit:
R
R R

(+0.5 point)



Associating the two R (2 resistors in series with the capacitor 1/(sC) in parallel

we obtain
R

1
R I::ISC'—Fﬁ

®

Associating the impedance with the R () resistor in series with the resistor R in
parallel we obtain an equivalent impedance
1
Z(s) =1 —1—

=
B Rt (+1 point)

(+1 point)

which is the following ratio of polynomials

1
As) =1 —7—
R R+ihme

1

LI | _1+s2RC
R " 3R+s2R2C

R(3R + s2R*C)
3R+ s2R?C + R + s2R2C
3R + s2R?*C

= AR + sARC (+0.5 point)

(b) (1 point (bonus)) In the next parts you will compute the impedance as seen from
terminals A and C. Before you do it, explain why this is a more difficult problem.

Solution: Because no elements are in series or parallel, hence no simplification
is possible. (+1 bonus point)

(c) (5 points) Connect a voltage source v;(t) as shown in Figure 1(b). Assuming zero
initial conditions, redraw the circuit in the s-domain and formulate node-voltage
equations in the s-domain. Use the reference node and other labels as shown in
the figure. Clearly indicate the voltages and equations that need to be solved for.

Solution:
Converting the circuit to the s-domain we obtain
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(d) (2 points) Show that

Vi(s
VB(S) = VD(S) = 2( )
Hint: you may want to use the fact that
2/R+Cs —Cs |7 R 2+ RCs  RCs
—Cs  2/R+Cs|  4(1+RCs)| RCs 24 RCs|’
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Using the hint

(o) - [ ] (e
R 2+ RCs RCs | (1/R
~ 4(1+ RCs) { RCs 2+ RCS} (1/3)

_ 1 2+ 2RC’s _(1)2 .
~ 4(1+ RCs) (2 + 2303) Vals) = <1/2> Vi(s). (+1 point)

(e) (2 points) Using the results of the analysis you performed in parts (b)-(d), show
that the impedance as seen from terminals A and C'is Z(s) = R.

Hint: use the result of part (d).

<

Solution:
We writing KCL node A to obtain I;(s), the current on the source V;(s), as

Vi(s) (+1 point)

I1() = H[Va(s) — Va(s)] + 5 lVa(s) = Vols)] = &

From I,(s) we compute

Z(s) =Vi(s)/Is(s) = R (+1 point)
(f) (1 point (bonus)) Explain why Z(s) does not depend on the capacitor C?

Solution:

Because the Vz(s) = Vp(s), the current on the capacitor is zero no matter what
source is connected to the circuit. (+1 point)

Total for Question 1: 12
Total for Question 1: 2 (bonus)
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Figure 2: Circuit for Question 2

2. Circuit Analysis in the s-Domain
The circuit in Figure 2 is a simplified boost circuit.

(@) (3 points) At time ¢t = 0 the switch ab is brought to position a and the switch c is
closed. Assume that the initial current on the inductor at time ¢t = 0is i,(0) = ,.
Show that the current on the inductor for ¢ > 0 is

u@:(@+%omw
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(b) (3 points) Att = 1s the switch is brought to position b and the switch c is open.
Assume that L = R and show that the voltage across the resistor R for ¢t > 1 is
equal to

vr(t) = (V + RIL,e " D) u(t — 1)

Hint: do not forget to use L = R and the answer to part (a) to compute ir,(1).
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(c) (2 points) Show that if

1V

I, = -
1—e 'R

then at ¢t = 2 s the current at the inductor and resistor are ig(2) =i, (2) = I,.
Hint: use the answer to part (b).

Solution:
From the circuit and the answer to part (b) we have

ir(t) =ig(t) = }%vR(t) = <% + Iae_(t_l)) u(t —1). (+1 point)
Att =2
: . V _ -1 |4 1V .
ZL(2) = ZR(Q) = E I Iae L — (1 == 1 i 6_1) E = 1_ 6_1E = Ia. (+1 pOll’lt)

(d) (2 points) Assume that [, is as in part (c). Let the switch ab be brought to position
a and the switch ¢ be closed at time ¢ = 2 s and remain there for one second. At
t = 3 s the switch is brought to position b and the switch cis open. This operation
is repeated in a periodic fashion. Sketch the voltage vz(t) on the resistor.

Solution:

With I, as in part (c) the initial condition of the inductor at time ¢t = 2 s is exactly
the same as at time ¢t = 0. Therefore, the response from ¢ = 2sto ¢t = 3 s is the
same as the response from ¢t = 0 to ¢t = 1 s. In these intervals

vr(t) =V, 20<t<20+1, (=0,1,--- (+0.5 point)

Following the same reasoning the response from ¢t = 3 to ¢t = 4 s is the same as
the response fromt = 1tot = 2s. Thatis

vg(t) =V + RIe 271,

o—(t—20-1)
=v<1+ﬁ> L 2A4+1<t<20+2 (=0,1,--- (+0.5point)
_— 6_

Att =20 + 1 we have

1
vr(204+1)=V (1 + — 6_1> ~ V1.73,
—1
vr(20+27)=V (1 + ] i €_l> ~ V1.27. (+0.5 point)
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(e) (1 point (bonus)) Justify why this circuit is called a boost circuit? What is been
boosted?

Total for Question 2: 10
Total for Question 2: 1 (bonus)
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Figure 3: Circuit for Question 3

3. Frequency Response and Circuit Design

(a) (5 points) Assuming zero initial conditions, transform the circuit in Figure 3 into
the s-domain and show that the transfer function from V;(s) to V,(s) is of the form

Vo(s) as

Vis) - st w)(s twn)
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(b) (4 points) Compute o, w; and w, in terms of the values of the circuit elements
and select all resistors, capacitors and inductors such that

a = wo, wy = 2000, we = 4000.

Sketch the magnitude of the frequency response of the circuit. Classify the circuit
as low-pass, high-pass or band-pass.
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(c) (3 points) Use what you know about frequency response to compute the steady-
state response of the above circuit to the inputs v,(t) = 3cos(1000¢) and v, (t) =
—2cos(3000t).

Hint: make sure it agrees with your answer to part (b).
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(d) (4 points) Design a circuit with the same transfer function as the one in parts
(a-b) that uses at most two Op-Amps and no inductors.




(e) (1 point (bonus)) Redesign the circuit you obtained in part (d) to use at most
one Op-Amp and no inductors. If your design in part (d) already satisfies these
requirements then you automatically get the bonus point.
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Total for Question 3: 16
Total for Question 3: 1 (bonus)

Page 16



