MAE140 - Linear Circuits — Winter — 2015
Final, March 20th

Instructions

1. This exam is open book. You may use whatever written materials you choose,
including your class notes and textbook. You may use a hand calculator with no
communication capabilities.

2. You have 170 minutes.
3. Do not forget to write your name and student number.

4. This exam has 6 questions, for a total of 60 points and 6 bonus points.
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Figure 1: Circuits for Questions 1 and 2

1. Circuit Equivalence
IMPORTANT: All impedances should be given as a ratio of two polynomials!

(@) (3 points) Do not assume zero-initial conditions and find the s-domain equiva-
lent circuit as seen from terminals @ and (B) in Fig. 1a.

Solution:
Let us first convert the circuit to the s-domain to obtain:
R R

@ @ (+1 point)

As seen from @ to (B) the circuit is simply:



(b) (2 points) Do not assume zero-initial conditions and find the s-domain equiva-
lent circuit as seen from terminals (C) and @ in Fig. 1a.

(c) (5points) Assume zero initial conditions and show that the transfer-function
from Vi (s) to V5(s) in Fig. 1b is equal to

Wo 1
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when the block labeled “Circuit” is the circuit in Fig. 1a.
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2. Frequency Response

Consider the circuit in Fig. 1b where “Circuit” is the circuit in Fig. 1a for which you
calculated the transfer-function 7'(s) = Va(s)/Vi(s) given in (1) in P.1.

IMPORTANT: In this question set RC' = 3/20s/rad.
(@) (3 points) Calculate |T'(jw)| and £T(jw).

(b) (3 points) Evaluate |T'(jw)| and £7'(jw) at
w =0, w = 10rad/s, w = 100rad/s.

Approximate answers are fine.
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(c) (3 points) Use the values you computed in (b) to sketch the plots of |7'(jw)| and
/T (jw) versus w and classify the type of filter implemented by the circuit.

Solution:
A sketch should resemble the Bode plot of T'(s) which is:

Bode Diagram
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(+2 point)
NOTE TO GRADERS: linear scale, rough sketches are fine as well.
The circuit is a low-pass filter. (+1 point)
(d) (1 point) Calculate the filter gain and cut-off frequency.
Solution:
The gainis K =7'(j0) =1/3 ~ 0.33 (+0.5 point)
The cut-off frequency is equal to the pole w, = 10rad/s (+0.5 point)

(e) (2 points (bonus)) Calculate the steady-state component of the output voltage v,
when the input voltage v; is v (t) = sin(wt), t > 0, for w = 10rad/s.

Solution:
The key is to realize that

v1(t) = sin(wt) = cos(wt — m/2) (+1 point)
and then use the frequency response method to calculate the steady-state solu-
tion:

ve(t) = |T(710)| cos(10t — w/2 + £T'(j10))
~ 0.2 cos(10t — /2 — 7 /4)
= 0.2 cos(10t — 37 /4). (+1 point)
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3. Circuit Puzzle

(@) (2 points) Calculate the Laplace transform of the input voltage:

v (t) = % (T+e®), t>0.

(b) (4 points) When the voltage v,(t) from part (a) is applied to a linear circuit with
zero initial conditions, the circuit produces the output:

wnt)=1, t>0.

Calculate the transfer-function of this circuit.
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(c) (4 points) Explain why with most other input voltages of the form
vi(t) =a+be ™, t>0,

the output voltage of the circuit you found in (b) is always of the form

nt)=a+pBe, t>0.

(d) (2 points (bonus)) In part (c), is it possible to choose parameters a and b so that
the constant in the output voltage v»(t) is zero, i.e. a = 0? Explain what must
occur in the frequency domain if this is to happen.
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Figure 2: Circuits for Questions 4

Solution:
Calculate o and /3 using the residue formula:

o= lim 2tV t2_,
5—0 s+ 1
5= liml (a+b)s+ 2a ha
s——
It is possible to have o = 2a = 0 if a = 0. In this case 5 = b. (+1 point)
p p

Because the transform of the input v;(¢) has a pole at s = 0 a pole zero cancella-
tion must occur if a constant is not to be present at the output. Since

s+ 2
s+1

T(s) =

does not have a zero at s = 0 the only way this can happen is if « = 0, that is, if
the input itself does not have a constant component. (+1 point)

4. OpAmp Circuit Analysis

(a) (3 points) Assume zero initial conditions, convert the circuit in Fig. 2a to the s-
domain and show that the transfer-function from v; to v, is:

1

RQCI
1

R,Cy

T(s)=—
s+

Solution:
Assume zero initial conditions and convert to the s-domain:
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(b) (2 points) Calculate the circuit’s gain and cut-off frequency.

(c) (8 points) Show how R;, R, and C; can be selected in the circuit in Fig. 2a so
that the magnitude of the frequency response of the circuit in Fig. 2a be exactly
the same as the magnitude of the frequency response of the circuit in Fig. 1 from
P.1(c) and P2, for which T'(s) = V5(s)/Vi(s) is (1). Name one important difference
between these two circuits.
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Figure 3: Circuit for Question 5

Their magnitudes will be the same if

1 10 1

RQCl - 3 ’ Rlol -

10. (+1 point)

This is clearly possible since there are three free parameters and only two con-
straints. For example:

C, = 107"F, Ry, =105, R, = 3 x 105Q.

NOTE TO GRADER: answer is correct if they indicate how it is possible without
calculating R;, R, and C.

An important difference is that the OpAmp circuit can be connected with other
circuits without changing its transfer-function. It can also have gains higher
than one. (+1 point)

NOTE TO GRADER: any correct advantage earns a point.

(d) (2 points) A student misconnected the capacitor C; resulting in the circuit in
Fig. 2b. Calculate the transfer-function from v; to v, in Fig. 2b and explain the
differences between this circuit and the one in Fig. 2a.

Solution:

The capacitor C; does not affect the transfer-function in the circuit in Fig. 2b
because the circuit from v; to v, is a standard inverting OpAmp. Its transfer-
function is:
(%) R .
—=—-——==-1 +1 point
(%1 R ( P )
so the circuit in Fig. 2b is simply an amplifier whereas the circuit in Fig. 2a is a
low-pass filter. (+1 point)
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5. Circuit Analysis

(a) (4 points) Convert the circuit in Fig. 3 into the s-domain and formulate its node-
voltage equations. Use the node-voltage, initial conditions and labels provided in
the figure and clearly indicate the final equations and circuit variable unknowns.
Make sure your final equations only involve node-voltages.

Solution:
Convert to the s-domain taking into account the initial conditions

Vo RV, RV
Vi(s) % T C R
— (+1 point)
Method #2 provides the following equations obtained by inspection:
Va(s) = Vi(s)

1 2 _17 (Val(s)
{ ()R SC_—E & QR} Vi(s) | = (g) (+2 points)

R R V.(s)

which should be solved for the unknowns V,(s), V,(s) and V,(s). (+1 point)

(b) (4 points) Convert the circuit in Fig. 3 into the s-domain and formulate its mesh-
current equations. Use the mesh-currents, initial conditions and labels provided
in the figure and clearly indicate the final equations and circuit variable un-
knowns. Make sure your final equations only involve mesh-currents.

Solution:
Convert to the s-domain taking into account the initial conditions

R R
W
sC
Vi(s) (0 R
ORYe

(+1 point)

Writing the equations by inspection:

B4 = == } (Ia(s)> (Vl(s) —l) :

g g = g +2 points
{ — L7 op+ L] \5(s) 1 (2 o)
which should be solved for the unknowns 1,(s), I,(s). (+1 point)
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(c) (2 points) After noticing that the circuit in Fig. 3 is the same as the one considered
in P.1(c) and P.2, use the node-voltage equations from (a) or the mesh-current
equations from (b) to verify the formula obtained for 7'(s) in (1).

Hint: You can assume zero initial conditions for this part!

Solution:
We will solve for Va(s) = V.(s) using node-voltage equations. Note that the
third equation is:

2

2Vi(s) = Vi) — Vils) = 2Va(s) (+1 point)

Substituting and solving the second equation:

—%Vl(s) +2 (SC + %) Ve(s) — EVC(S) =0

we obtain after dividing by C' on both sides

(23 + 3%) Vils) = ==Vils)

which is equivalent to 7'(s). (+1 point)

6. Circuit Transformations

A friend told you that if you pick any linear circuit and replace every capacitor by
an inductor and vice-versa you will “flip” your circuit. For example, a low-pass filter
becomes a high-pass filter, and vice-versa.

(a) (4 points) Verify your friend’s claim for the circuit in Fig. 2a by showing that the
transfer-function of the flipped circuit when the capacitor C; is replaced by an
inductor L, is

~ R1 S
T(S) = —E X Rl

S+L—l

Solution:
The flipped circuit is:

L,

mo [ om
RS

} Vg

= (+1 point)
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(b) (2 points) Verify that if you also flip the values of the inductors and capacitors,
for example C; = 1/L,, then

T(s) =T(1/s).

(c) (1 point (bonus)) What happens to the poles and zeros of the transfer function
T(s) as it gets transformed to 7'(s) = 7'(1/s)? What happens to the frequency
response?
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Because when C} = 1/1,

R 1
Ly Rllol
the location of the original pole is inverted after flipping the circuit. (+0.5

point)

The transfer function 7'(s) = T'(1/s) has a zero at s = 0 while T'(s) has no zeros.
(+0.5 point)

Some people like to think of 7'(s) as having originally a “zero at infinity” which
is now “inverted” to produce a zero at s = 0.

(d) (4 points) What happens to the transfer-function of the circuit in Fig. 2a if you
replace the capacitor C; by a capacitor a ', where o > 0? Verify that the new
transfer-function is

T(s)=T(as).
Solution:

Replace C by aC in the circuit, convert to the s-domain, etc (+2 points)
The obtain the transfer function

= 1 1
T(s) = — X +1 point
( ) aRyCy S + —ozRiCl ( P )
1 1
R2cl as + ﬁ (OéS) ( p )

after multiplication by a on the numerator and denominator.

(e) (1 point (bonus)) What happens to the poles and zeros of the transfer function
T(s) as it gets transformed to 7'(s) = T'(«s)? What happens to the frequency

response?
Solution:
Because
L1
Ole Ol a (6 R1 Ol
the original location of the pole is divided by «. (+0.5 point)
No zeros are created by the transformation T'(s) = T'(as). (+0.5 point)

But any existing zeros would be scaled as the poles did.
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