
MAE 143A – Homework 4 

Chapter 4 

12. ∑ ܨ ൌ ݉ܽ െ݉݃ െ ሻݐሺݕ௦ሾܭ െ ሻݐሺݔ െ ݀௢ሿ െ ሻݐሺ′ݕௗሾܭ െ ݔ ′ሺݐሻሿ ൌ   ሻ  (1)ݐሺ"ݕ݉

a) When car is at rest, set all derivates in (1) equal to zero which yields  െ݉݃ െ ሻݐሺݕ௦ሾܭ െ ሻݐሺݔ െ ݀௢ሿ ൌ ሻݐሺݕ 0 െ ሻݐሺݔ ൌ െ ௦ܭ݃݉ ൅ ݀௢ 

 ൌ െ ሺଵହ଴଴ ௞௚ሻቀଽ.଼ଵ೘ೞ ቁ଻ହ଴଴ ே· ೞ೘ ൅ 0.6 ݉ ൌ 0.404 m 

b) Rearrange (1) as  ݉ݕ"ሺݐሻ ൅ ሻݐሺ′ݕௗሾܭ െ ݔ ′ሺݐሻሿ ൅ ௦ܭ ቂݕሺݐሻ െ ሻݐሺݔ െ ݀௢ ൅ ௠௚௄ೞ ቃ ൌ0 (2) 

Define new variable as ݖሺݐሻ ൌ ሻݐሺݕ െ ሻݐሺݔ െ ݀௢ ൅ ௠௚௄ೞ   

ݖ ′ሺݐሻ ൌ ሻݐሺ′ݕ െ ݔ ′ሺݐሻ   ݖ"ሺݐሻ ൌ ሻݐሺ"ݕ െ  ሻݐሺ"ݔ

 Substitute into (2) which yields  ݉ሾݖ"ሺݐሻ ൅ ሻሿݐሺ"ݔ ൅ ሻݐᇱሺݖௗܭ ൅ ሻݐሺݖ௦ܭ ൌ ሻݐሺ"ݖ݉ 0 ൅ ሻݐԢሺݖௗܭ ൅ ሻݐሺݖ௦ܭ ൌ െ݉ݔ"ሺݐሻ ݖ"ሺݐሻ ൅ ௄೏௠ ሻݐԢሺݖ ൅ ௄ೞ௠ ሻݐሺݖ ൌ െݔ"ሺݐሻ    (3) 

Case 2: m=n, add impulse term to general solution 

Solve for the homogenous equation 

ሻݐሺ"ݖ ൅ ௗ݉ܭ ሻݐԢሺݖ ൅ ௦݉ܭ ሻݐሺݖ ൌ 0 

ଶߣ ൅ ௗ݉ܭ ߣ ൅ ௦݉ܭ ൌ 0    ՜ ଵ,ଶߣ    ൌ െ ௗܭ േ ඥܭௗଶ െ ௦2݉ܭ4 ൌ െ6.667 േ 2.357݅ 

ሻݐሺݖ ൌ ݁ି଺.଺଺଻௧ሾܭଵcos ሺ2.537ݐሻ ൅ ሻݐሻሿ ݄௭ሺݐଶsin ሺ2.357ܭ ൌ ݁ି଺.଺଺଻௧ሾܭଵ cosሺ2.357ݐሻ ൅ ଶܭ sinሺ2.357ݐሻሿݑሺݐሻ 

  The impulse response will take the form of  ݄ሺݐሻ ൌ ݁ି଺.଺଺଻௧ሾܭଵ cosሺ2.357ݐሻ ൅ ଶܭ sinሺ2.357ݐሻሿݑሺݐሻ ൅  ሻݐሺߜఋܭ

 

௦ܨ ൌ െܭ௦ݔ  ௗܨ ൌ െܭௗݔሶ
݉݃



Method 1:  

Solve simplified problem first 

ሻݐሺ"ݖ ൅ ௗ݉ܭ ሻݐԢሺݖ ൅ ௦݉ܭ ሻݐሺݖ ൌ  ሻݐሺݔ

Ԣሺ0ାሻݖ െ ᇱሺ0ିሻݖ ൅ ௗ݉ܭ ሾݖሺ0ାሻ െ ሺ0ିሻሿݖ ൅ ௦݉ܭ න ଴శݐሻ݀ݐሺݖ
଴ష ൌ න ଴శݐሻ݀ݐሺݔ

଴ష ൌ 1 

ᇱሺ0ାሻݖ ൅ ௄೏௠ ሺ0ାሻݖ ൌ 1      െ6.667ܭଵ ൅ ଶܭ2.357 ൅ ௄೏௠ ଵܭ ൌ 1 

ሺ0ାሻݖ െ ሺ0ିሻݖ ൅ ௗ݉ܭ න ଴శݐሻ݀ݐሺݖ
଴ష ൌ 0 

ሺ0ାሻݖ ൌ 0     ଵܭ ൌ 0 

Thus ܭଵ ൌ ଶܭ     0 ൌ 0.424 which yields the homogenous solution as ݄௭ሺݐሻ ൌ ሾ0.424݁ି଺.଺଺଻௧ sinሺ2.357ݐሻሿݑሺݐሻ 

Then define new variable ݃ሺݐሻ where ܾ଴ ൌ െ1 to solve for (3) ݃ሺݐሻ ൌ ሻݐሺݖ െ ܾ଴ݔሺݐሻ ݃ሺݐሻ ൌ ሻݐሺݖ ൅ ሻݐሻ ݃Ԣሺݐሺݔ ൌ ሻݐԢሺݖ ൅ ሻݐሻ ݃"ሺݐԢሺݔ ൌ ሻݐሺ"ݖ ൅  ሻݐሺ"ݔ

Substitute into (3) which yields 

 ݃"ሺݐሻ െ ሻݐሺ"ݔ ൅ ௄೏௠ ሾ݃ᇱሺݐሻ െ ሻሿݐᇱሺݔ ൅ ௄ೞ௠ ሾ݃ሺݐሻ െ ሻሿݐሺݔ ൌ െݔ"ሺݐሻ 

݃"ሺݐሻ ൅ ௗ݉ܭ ݃Ԣሺݐሻ ൅ ௦݉ܭ ݃ሺݐሻ ൌ ௦݉ܭ ሻݐሺݔ ൅ ௗ݉ܭ  ሻݐԢሺݔ

Set ݔሺݐሻ ൌ ݄௭ሺݐሻ to solve for homogenous solution of (3) 

݄௚ሺݐሻ ൌ ൤ܭ௦݉ ሻݐሺݔ ൅ ௗ݉ܭ ሻ൨ݐᇱሺݔ ሻݐሺݑ ൌ ൤ܭ௦݉ ݄௭ሺݐሻ ൅ ௗ݉ܭ ݄௭ᇱሺݐሻ൨  ሻݐሺݑ

݄௚ሺݐሻ ൌ ൜ܭ௦݉ ሾ0.424݁ି଺.଺଺଻௧ሺsin ሺ2.357ݐሻሻሿ൅ ௗ݉ܭ ሾെ2.826݁ି଺.଺଺଻௧ sinሺ2.357ݐሻ ൅ ݁ି଺.଺଺଻௧ cosሺ2.357ݐሻሿൠ  ሻݐሺݑ

݄௚ሺݐሻ ൌ ሼ50ሾ0.424݁ି଺.଺଺଻௧ሺsinሺ2.357ݐሻሻሿ൅ 13.333ሾെ2.826݁ି଺.଺଺଻௧ sinሺ2.357ݐሻ ൅ ݁ି଺.଺଺଻௧ cosሺ2.357ݐሻሿሽݑሺݐሻ ݄௚ሺݐሻ ൌ ݁ି଺.଺଺଻௧ሾ13.333 cosሺ2.357ݐሻ െ 16.479 sinሺ2.357ݐሻሿݑሺݐሻ 



݄ሺݐሻ ൌ ݄௚ሺݐሻ െ ܾ଴ߜሺݐሻ 

Therefore the impulse response is  ݄ሺݐሻ ൌ ݁ି଺.଺଺଻௧ሾ13.333 cosሺ2.357ݐሻ െ 16.479 sinሺ2.357ݐሻሿݑሺݐሻ െ  ሻݐሺߜ

 Method 2:  

 Let ݖሺݐሻ ൌ ݄ሺݐሻ and ݔሺݐሻ ൌ   ሻ for (3), thenݐሺߜ

݄"ሺݐሻ ൅ ௗ݉ܭ ݄Ԣሺݐሻ ൅ ௦݉ܭ ݄ሺݐሻ ൌ െߜ"ሺݐሻ 

 Integrate from ݐ ൌ 0ାݐ ݋ݐ ൌ 0ି:  

(i) ݄′ሺ0ାሻ ൅ ݄′ሺ0ିሻ ൅ ௄೏௠ ሾ݄ሺ0ାሻ ൅ ݄ሺ0ିሻሿ ൅ ௄ೞ௠ ׬ ݄ሺݐሻ݀ݐ଴శ଴ష ൌ െሾߜ ′ሺ0ାሻ െ ߜ ′ሺ0ିሻሿ 
 ݄′ሺ0ାሻ ൅ ௄೏௠ ݄ሺ0ାሻ ൅ ௄ೞ௠ ׬ ݄ሺݐሻ݀ݐ ൌ 0଴శ଴ష       

 ሺെ6.667ܭଵ ൅ ଶሻܭ2.357 ൅ ௄೏௠ ଵܭ ൅ ௄ೞ௠ ఋܭ ൌ 0 (a) 

(ii) ݄ሺ0ାሻ ൅ ݄ሺ0ିሻ ൅ ௄೏௠ ׬ ݄ሺݐሻ݀ݐ଴శ଴ష ൅ ௄ೞ௠ ׬ ׬ ݄ሺݐሻ݀ݐ௧ି
∞

଴శ଴ష ൌ െሾߜሺ0ାሻ െ  ሺ0ିሻሿߜ
ଵܭ  ൅ ௄೏௠ ఋܭ ൌ 0     (b) 

(iii) ׬ ݄ሺݐሻ݀ݐ଴శ଴ష ൅ ௄೏௠ ׬ ׬ ݄ሺݐሻ݀ݐ௧ି
∞

଴శ଴ష ൅ ௄ೞ௠ ׬ ׬ ׬ ݄ሺݏሻ݀ݐ݀ݏ௦ି
∞

௧ି
∞

଴శ଴ష ൌ െ ׬ ଴శ଴షݐሻ݀ݐሺߜ  

ఋܭ  ൌ െ1     (c) 

 Solving equations (a) (b) (c) we get ܭଵ ൌ 13.333, ଶܭ ൌ 16.497, ఋܭ ൌ െ1 

Therefore the impulse response is   ݄ ሺݐሻ ൌ ݁ି଺.଺଺଻௧ሾ13.333 cosሺ2.357ݐሻ െ 16.479 sinሺ2.357ݐሻሿݑሺݐሻ െ  ሻݐሺߜ

 

c) Apply convolution integral ݄௖ ൌ ሻݐሺݖ ݉ 0.15 ൌ 0.15݄ሺݐሻ כ ሻݐሺݑ ൌ 0.15 න ݄ሺ߬ሻݑሺݐ െ ߬ሻ݀߬ஶ
ିஶ ሻݐሺݖ  ൌ 0.15 න ሼ݁ି଺.଺଻ఛሾ13.33 cosሺ2.36߬ሻ െ 16.5 sinሺ2.36߬ሻሿݑሺ߬ሻ െ ሺ߬ሻሽஶߜ

ିஶ ݐሺݑ െ ߬ሻ݀߬ 

Use following properties to solve for z(t) න ݁௔௫ sinሺܾݔሻ ݔ݀ ൌ ݁௔௫ܽଶ ൅ ܾଶ ሾasinሺܾݔሻ െ ሻሿ௧ݔሺܾݏ݋ܾܿ
଴  

න ݁௔௫ cosሺܾݔሻ ݔ݀ ൌ ݁௔௫ܽଶ ൅ ܾଶ ሾacosሺܾݔሻ ൅ ሻሿ௧ݔሺܾ݊݅ݏܾ
଴  

ሻݐሺݖ ൌ 0.15 ቊ13.33 ݁ି଺.଺଻௧50 ሾെ6.67 cosሺ2.36߬ሻ ൅ 2.36 sinሺ2.36߬ሻሿ െ 16.5 ݁ି଺.଺଻௧50 ሾെ6.67 sinሺ2.36߬ሻെ 2.36 cosሺ߬ሻሿൠ െ ሻݐሺݖ ሻݐሺݑ0.15 ൌ 0.15ሼ݁ିଷ.ଷଷ௧ሾ2.81 sinሺ2.36ݐሻ െ cosሺ2.36ݐሻሿ ൅ 1ሽݑሺݐሻ െ  ሻݐሺݑ0.15

ሻݐሺݖ  ൌ 0.15݁ିଷ.ଷଷ௧ሾ2.81 sinሺ2.36ݐሻ െ cosሺ2.36ݐሻሿݑሺݐሻ 



 

ሻݐሺݕ  .20 ൌ ׬ ሻ௧ߣሺݔ ଷൗି∞  ߣ݀

 Time-Invariance:  

Let ݔଵሺݐሻ ൌ ݃ሺݐሻ. Then ݕଵሺݐሻ ൌ ׬ ݃ሺ೟యିஶ  .ߣሻ݀ߣ
Let ݔଶሺݐሻ ൌ ݃ሺݐ െ ሻݐଶሺݕ  ଴ሻ. Thenݐ ൌ ׬ ݃ሺ೟యିஶ ߣ െ ߣ଴ሻ݀ݐ ൌ ׬ ݃ሺ೟యି௧೚ିஶ  ݑሻ݀ݑ

Substitute ݐ with ݐ െ ݐଵሺݕ ሻ yieldsݐଵሺݕ ௢ intoݐ െ ଴ሻݐ ൌ ׬ ݃ሺ೟యିஶ  ߣሻ݀ߣ

ሻݐଶሺݕ  ് ݐଵሺݕ െ   .଴ሻ, thus the system is time-variantݐ

Stability: 

If  ݔሺݐሻ is bounded, then  ݕሺݐሻ ൌ ׬ ሻ೟యିஶߣሺݔ ߣ݀ ൌ ሻߣሺݔ ׬ ௧/ଷିஶߣ݀  increases without bound therefore the system 

is unstable. 

Invertibility: ݕᇱሺݐሻ ൌ ݔ ቀ௧ଷቁ   ݔሺݐሻ ൌ  ሻݐᇱሺ3ݕ

Thus the system is invertible.  

Chapter 6 

 

18c.  െݕ"ሺݐሻ ൅ ሻݐԢሺݕ3 ൌ ሻݐሺݔ3 ൅    ሻݐሺ"ݔ5

   

Rewrite as ݕ"ሺݐሻ െ ሻݐԢሺݕ3 ൌ െ3ݔሺݐሻ െ  ሻ   (1)ݐሺ"ݔ5

Case 2: m=n, add impulse term to general solution 

Solve for the homogeneous solution ݕ"ሺݐሻ െ ሻݐԢሺݕ3 ൌ 0 
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ଶߣ െ ߣ3 ൌ 0        ଵ,ଶߣ ൌ ሻݐሺݕ 0,3 ൌ ଵܭ ൅ ሻݐଶ݁ଷ௧ ݄௭ሺܭ ൌ ሺܭଵ ൅  ሻݐሺݑଶ݁ଷ௧ሻܭ

  Method 1:  

Solve simplified problem first  ݕ"ሺݐሻ െ ሻݐԢሺݕ3 ൌ  ሻݐሺݔ

ᇱሺ0ାሻݕ െ ᇱሺ0ିሻݕ െ 3ሾݕሺ0ାሻ െ ሺ0ିሻሿݕ ൌ න ଴శݐሻ݀ݐሺݔ
଴ష ൌ 1 

ᇱሺ0ାሻݕ െ ሺ0ାሻݕ3 ൌ 1     ଶܭ3 െ 3ሺܭଵ ൅ ଶሻܭ ൌ 1 

ሺ0ାሻݕ െ ሺ0ିሻݕ െ 3 න ଴శݐሻ݀ݐሺݕ
଴ష ൌ න න ௧ݐ݀ݏሻ݀ݏሺݔ

ିஶ
଴శ

଴ష ൌ 0 

ሺ0ାሻݕ ൌ 0     ଵܭ ൅ ଶܭ ൌ 0 

Thus, ܭଵ ൌ െ ଵଷ ଶܭ       ൌ ଵଷ 

݄௭ሺݐሻ ൌ ൤െ 13 ሺ1 െ ݁ଷ௧ሻ൨  ሻݐሺݑ

Define new variable ݃ሺݐሻ where ܾ଴ ൌ െ5 to solve for (1) ݃ሺݐሻ ൌ ሻݐሺݕ െ ܾ଴ݔሺݐሻ ݃ሺݐሻ ൌ ሻݐሺݕ ൅ ሻݐሻ ݃Ԣሺݐሺݔ5 ൌ ሻݐԢሺݕ ൅ ሻݐሻ ݃"ሺݐԢሺݔ5 ൌ ሻݐሺ"ݕ ൅  ሻݐሺ"ݔ5

Substitute into (1) which yields ݃"ሺݐሻ െ ሻݐሺ"ݔ5 െ 3ሾ݃ᇱሺݐሻ െ ሻሿݐᇱሺݔ5 ൌ െ3ݔሺݐሻ െ ሻݐሻ ݃"ሺݐሺ"ݔ5 െ 3݃Ԣሺݐሻ ൌ െ3ݔሺݐሻ െ ሻݐሻ ݄௚ሺݐԢሺݔ15 ൌ ሾെ3݄௭ െ 15݄௭ᇱ ሺݐሻሿݑሺݐሻ 

݄௚ሺݐሻ ൌ ൤െ3 13 ሺ1 െ ݁ଷ௧ሻ െ 15݁ଷ௧൨ ሻݐሺݑ ൌ ሺ1 െ 16݁ଷ௧ሻݑሺݐሻ 

݄ሺݐሻ ൌ ݄௚ሺݐሻ െ ܾ଴ߜሺݐሻ 

Therefore the impulse response is  ݄ሺݐሻ ൌ ሺ1 െ 16݁ଷ௧ሻݑሺݐሻ െ  ሻݐሺߜ5



Method 2:  

 

Let ݕሺݐሻ ൌ ݄ሺݐሻ and ݔሺݐሻ ൌ   ሻ for (1), thenݐሺߜ

 ݄"ሺݐሻ െ 3݄Ԣሺݐሻ ൌ െ3ߜሺݐሻ െ    ሻݐሺ"ߜ5

    

Integrate from ݐ ൌ 0ାݐ ݋ݐ ൌ 0ି:  

(i) െሾ݄′ሺ0ାሻ െ ݄′ሺ0ିሻሿ ൅ 3ሾ݄ሺ0ାሻ െ ݄ሺ0ିሻሿ ൌ 3 ׬ ଴శ଴షݐሻ݀ݐሺߜ ൅ 5ሾߜ′ሺ0ାሻ െ  ሺ0ିሻሿ′ߜ
 െ݄′ሺ0ାሻ ൅ 3݄ሺ0ାሻ ൌ 3 ׬ ଴శ଴షݐሻ݀ݐሺߜ     െ3ܭଶ ൅ 3ሺܭଵ ൅ ଶሻܭ ൌ 3 (a) 

(ii) െሾ݄ሺ0ାሻ െ ݄ሺ0ିሻሿ ൅ 3 ׬ ݄ሺݐሻ݀ݐ଴శ଴ష ൌ 3 ׬ ׬ ௧ିݐ݀ݏሻ݀ݏሺߜ
∞

଴శ଴ష ൅ 5ሾߜሺ0ାሻ െ  ሺ0ିሻሿߜ
 െ݄ሺ0ାሻ ൅ 3 ׬ ݄ሺݐሻ݀ݐ଴శ଴ష ൌ 0   െሺܭଵ ൅ ଶሻܭ ൅ ఋܭ3 ൌ 0 (b)  

(iii)  െ ׬ ݄ሺݐሻ݀ݐ଴శ଴ష ൅ 3 ׬ ׬ ݄ሺݏሻ݀ݐ݀ݏ௧ି
∞

଴శ଴ష ൌ 3 ׬ ׬ ׬ ௦ିݐ݀ݏ݀ݓሻ݀ݓሺߜ
∞

௧ି
∞

଴శ଴ష ൅ 5 ׬ ଴శ଴షݐሻ݀ݐሺߜ  

   െ ׬ ݄ሺݐሻ݀ݐ଴శ଴ష ൌ 5 ׬ ଴శ଴షݐሻ݀ݐሺߜ    െܭఋ ൌ 5   (c) 

 Solving equations (a) (b) (c) we get ܭଵ ൌ 1, ଶܭ ൌ െ16, ఋܭ ൌ െ5 

Therefore the impulse response is   ݄ ሺݐሻ ൌ ሺ1 െ 16݁ଷ௧ሻݑሺݐሻ െ   ሻݐሺߜ5
Plot II-type block diagram with integrators:  

 

 

 

 

 

 

 

 

 

 

 

 

 

22a. ݃ሺݐሻ ൌ 3 cosሺ10ݐߨሻ כ ݐሺߜ4 ൅ 1 10ൗ ሻ ൌ ݐ൫ߨ10ൣݏ݋12ܿ ൅ 1 10ൗ ൯൧ ൌ 12 cosሺ12ݐߨ ൅ ሻߨ ൌ െ12cos ሺ10ݐߨሻ 

+ 

5 

‐

‐1 
+ 

+

+

x(t)  y(t) +

න
න

3 

3 



 

22d.    ݃ሺݐሻ ൌ ሻݐሺ2݅ݎݐ כ  ሻݐଵሺߜ

ൌ ෍ ݐሺ2ሺ݅ݎݐ െ ݊ሻሻ∞

௡ୀି∞

 

 

Chapter 15 

33b.  ܩሺݏሻ ൌ ସሺ௦ାଷሻሺ௦ା଼ሻ 
Express in partial fraction expansion.  

ሻݏሺܩ ൌ ݏܣ ൅ 3 ൅ ݏܤ ൅ 8 ൌ 4ሺݏ ൅ 3ሻሺݏ ൅ 8ሻ 

ݏሺܣ ൅ 8ሻ ൅ ݏሺܤ ൅ 3ሻ ൌ ܣሺݏ 4 ൅ ሻܤ ൅ ܣ8 ൅ ܤ3 ൌ ܣሺݏ 4 ൅ ሻܤ ൌ 0, ܣ8 ൅ ܤ3 ൌ ܣ         4 ൌ ସହ , ܤ ൌ െ ସହ 

ሻݏሺܩ  ൌ ݏ45 ൅ 3 െ ݏ45 ൅ 8  
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From the Laplace transform table on pg. 591, we get 

 ݃ሺݐሻ ൌ ቀସହ ݁ିଷ௧ െ ସହ ݁ି଼௧ቁ  ሻݐሺݑ

 Initial-value theorem 

݃ሺ0ାሻ ൌ lim௦՜∞
ሻݏሺܩݏ ൌ lim௦՜ஶ ݏሺݏ4 ൅ 3ሻሺݏ ൅ 8ሻ ൌ 0 

 Final-value theorem  

lim௧՜∞
݃ሺݐሻ ൌ lim௦՜଴ ሻݏሺܩݏ ൌ lim௦՜଴ ݏሺݏ4 ൅ 3ሻሺݏ ൅ 8ሻ ൌ 0 

33b.    ܩሺݏሻ ൌ ௦௦మାଶ௦ାଶ 

ሻݏሺܩ ൌ ݏሺݏ ൅ 1ሻଶ ൅ 1 ൌ ݏ ൅ 1ሺݏ ൅ 1ሻଶ ൅ 1 ൅ 1ሺݏ ൅ 1ሻଶ ൅ 1 

From the Laplace transform table on pg. 591, we get ݃ሺݐሻ ൌ ݁ି௧ሾcosሺݐሻ െ sinሺݐሻሿݑሺݐሻ 

 Initial-value theorem 

݃ሺ0ାሻ ൌ lim௦՜∞
ሻݏሺܩݏ ൌ lim௦՜∞

ଶݏଶݏ ൅ ݏ2 ൅ 2 ൌ 1 

 Final-value theorem  

lim௧՜∞
݃ሺݐሻ ൌ lim௦՜଴ ሻݏሺܩݏ ൌ lim௦՜଴ ଶݏଶݏ ൅ ݏ2 ൅ 2 ൌ 0 

39a) ݕ"ሺݐሻ ൅ ሻݐሺ′ݕ2 ൅ ሻݐሺݕ10 ൌ  ሻݐሺݔ

 First Laplace transform both sides of the equation.  

ሻݏଶܻሺݏ െ ሺ0ିሻݕݏ െ ݐ݀݀ ሺݕሺݐሻሻ௧ୀ଴ష ൅ 2ሾܻݏሺݏሻ െ ሺ0ିሻሿݕ ൅ 10ܻሺݏሻ ൌ  ݏ1

 Then solve for Y(s).  

ܻሺݏሻ ൌ ݏ1 ൅ ሺ0ିሻݕݏ ൅ ሺ0ିሻݕ2 ൅ ݐ݀݀ ൫ݕሺݐሻ൯௧ୀ଴షݏଶ ൅ ݏ2 ൅ 10  

ܻሺݏሻ ൌ ݏ1 െ ଶݏݏ5 ൅ ݏ2 ൅ 10 ൌ ݏ1 1 െ ݏଶሺݏ5 ൅ 1ሻଶ ൅ 9 

  



Express in partial fraction expansion. 

ܻሺݏሻ ൌ ݏܣ ൅ ݏܤ ൅ ݏሺܥ ൅ 1ሻଶ ൅ 9 

ݏሺܣ ൅ 1ሻଶ ൅ ܣ9 ൅ ݏܤሺݏ ൅ ሻܥ ൌ 1 െ ଶݏܣ ଶݏ5 ൅ ݏܣ2 ൅ ܣ ൅ ܣ9 ൅ ଶݏܤ ൅ ݏܥ ൌ 1 െ ܣଶ ሺݏ5 ൅ ଶݏሻܤ ൅ ሺ2ܣ ൅ ݏሻܥ ൅ ܣ10 ൌ 1 െ ܣ      ଶݏ5 ൅ ܤ ൌ െ5, ܣ2 ൅ ܥ ൌ 0, ܣ10 ൌ ܣ        1 ൌ ଵଵ଴ , ܤ ൌ െ ହଵଵ଴ , ܥ ൌ െ ଵହ 

ܻሺݏሻ ൌ ݏ110 ൅ െ 5110 ݏ െ 15ሺݏ ൅ 1ሻଶ ൅ 9 ൌ 110 ൬1ݏ െ ݏ51 ൅ 2ሺݏ ൅ 1ሻଶ ൅ 9൰ 

ܻሺݏሻ ൌ 110 ൤1ݏ െ 51 ݏ ൅ 1ሺݏ ൅ 1ሻଶ ൅ 9 ൅ 493 3ሺݏ ൅ 1ሻଶ ൅ 9൨ 

From the Laplace transform table on pg. 591, we get 

ሻݐሺݕ ൌ 110 ൤1 െ ݁ି௧ ൬51 cosሺ3ݐሻ െ 493 sinሺ3ݐሻ൰൨  ሻݐሺݑ

 Additional Item:  

% Problem 39 (a): Use matlab to compute and plot the response of the 
% system. You should use commands like 'tf', and 'step'. 

  
% Method 1: use 'tf' and 'step' command - simulate response at initial  
% conditions and add to step response 

  
Y = tf([1],[1 2 10]);       % construct transfer function 
a = [0 1; -10 -2]; b = [0; 1]; c = [1 0]; d = [0];  
Y1 = ss(a,b,c,d);           % construct state space  
y0 = [-5 10];               % initial conditions 
t = 0:0.01:10; 
y1 = step(Y,t);             % step response at zero state  
y2 = initial(Y1,y0,t);      % initial condition response 
y = y1+y2;                  % time response with I.C.s 
plot(t,y); 

  
% Method 2: use 'lsim' command - compute time response to zero inputs 

  
Y = tf([1],[1 2 10]);       % construct transfer function 
a = [0 1; -10 -2]; b = [0; 1]; c = [1 0]; d = [0];  
Y1 = ss(a,b,c,d);           % construct state space 
x = sign(t);                % x(t) = u(t) 
y0 = [-5 10];               % initial conditions 
t = 0:0.01:10; 
y = lsim(Y1,x,t,y0);        % time response with I.C.s 
plot(t,y); 

 



 

 
 

1ܪ  .43 ൌ  ௄ሺ௦ାଵሻሺ௦ାଶሻ                 ܪଶ ൌ 1 

ሻݏሺܪ ൌ ܻሺݏሻܺሺݏሻ ൌ ଵ1ܪ ൅  ଶܪଵܪ

ሻݏሺܪ ൌ ܻሺݏሻܺሺݏሻ ൌ ݏሺܭ ൅ 1ሻሺݏ ൅ 2ሻ1 ൅ ݏሺܭ ൅ 1ሻሺݏ ൅ 2ሻ  

ሻݏሺܪ ൌ ଶݏܭ  ൅ ݏ3 ൅ 2 ൅  ܭ

 Find the roots of the denominator 

ݏ ൌ െ3 േ ඥ9 െ 4ሺ2 ൅ ሻ2ܭ ൌ െ3 േ √1 െ 2ܭ4   
 The system is stable for all positive real values of K. 

Additional Item: 

 
% Problem 43: For a fixed value of K that makes the system  

% stable, use the matlab commands 'tf' and 'feedback' to compute  

% the transfer function from x to y. Use 'impulse' to plot the  

% impulse response of the resulting system. 

 

% Solution: set K to any real positive value, i.e. K = 1 
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num = [1]; 

den = [1 3 2]; 

H = tf(num,den) 

Hf = feedback(H,1) 

impulse(Hf) 

 

>> H = tf(num,den) 

 Transfer function: 

      1 

------------- 

s^2 + 3 s + 2 

>> Hf = feedback(H,1) 

 Transfer function: 

      1 

------------- 

s^2 + 3 s + 3 
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