MAE 143A — Homework 4

Chapter 4

12.

a)

b)

YF=ma

—mg — Ks[y(t) — x(t) — do] — Ku[y (t) —x ()] = my" ()
When car is at rest, set all derivates in (1) equal to zero which yields

—mg — K[y(t) —x(t) —d,] = 0

y(O) = x(0) = =22+ d,

_ _ (s00kg)(981)

oo S +0.6m
m

=0.404 m
Rearrange (1) as

my"(©) + Kaly' ©) = x (O] + K [y(©) = x(6) = d, + 72| =0
Define new variable as z(t) = y(t) — x(t) — d, + T(—Sg
zO=y®-x®

z"(t) = y"(t) —x"(t)

Substitute into (2) which yields

m[z"(t) + x"(t)] + Kzz'(t) + Ksz(t) = 0

mz"(t) + Kuz'(t) + Ksz(t) = —mx"(¢)

2'(6) + 742 (1) + 2 2(t) = —x"(2)

Case 2: m=n, add impulse term to general solution

Solve for the homogenous equation
O+ )+ 2 = 0
20+ 2O+ —2() =

K; + VK> — 4K,
2m

Az+ﬁa+&=0 - Ay =-—
m m ’

z(t) = e~®567t[K, cos (2.537t) + K,sin (2.357t)]

h,(t) = e™%¢7t[K, cos(2.357t) + K, sin(2.357t)Ju(t)

The impulse response will take the form of

h(t) = e75%7t[K, cos(2.357t) + K, sin(2.357¢)Ju(t) + K56(t)

ey

©))

3

= —6.667 + 2.357i

LT

- mg

: Fd = —de




Method 1:

Solve simplified problem first

Kd Ks
z"(t) + Ez’(t) + Ez(t) = x(t)

ot

z(t)dt = f x(t)dt =1

ot

20 =207 + 220 — 20+ |

270N +%0H=1 > ~6.667K, + 2.357K, +~LK, = 1

m

ot

z(0%) —z(07) + ﬁf z(t)dt =0
m

2(0%) =0 > K, =0
Thus K; =0 K, = 0.424 which yields the homogenous solution as
h,(t) = [0.424e75667 5in(2.357¢t) Ju(t)
Then define new variable g(t) where by = —1 to solve for (3)
g(®) = z(t) — byx(t)
g(®) = z(t) + x(t)
g =2z +x'(
g"(®) =z"([O) +x"(t)

Substitute into (3) which yields
g'(t) = x"(t) + ~L[g"(t) — x" ()] + 2 [g(t) — x()] = —x"(t)
" Kd 1 KS _ KS Kd '
'O+ + -2 g = x(t) + X' (0
Set x(t) = h,(t) to solve for homogenous solution of (3)
K, K K, K, |,
ho(®) = |22 + ~2x' @] u® = [ 2,0 +—2h,' O | u(o)
m m m m
K )
hy(t) = {E [0.424€-6567¢ (sin (2.357t))]
+ % [—2.826e76667t 5in(2.357t) + e 6667t cos(2.357t)]} u(t)

hy(t) = {50[0.424e~5557¢(sin(2.357t))]
+ 13.333[—2.826e75667t 5in(2.357t) + e %67t c0s(2.357t) | Ju(t)

hy(t) = e™6667¢[13.333 cos(2.357t) — 16.479 sin(2.357¢)Ju(t)



®

(ii)

(iii)

c)

h(t) = hg(t) — byd(t)

Therefore the impulse response is

h(t) = e7%%7t[13.333 c0s(2.357t) — 16.479 sin(2.357t) Ju(t) — 5(t)
Method 2:

Let z(t) = h(t) and x(¢t) = §(¢t) for (3), then
R + ey + X he = s

(O +-2H(0) +-2h(t) = =8"(2)
Integrate fromt = 0T tot = 0™:

R0 +h'(07) + 54 [a0%) + h(0)] + 2 [ h(t)dt = ~[5'(0%) - 6'(07)]
2 K07 +Xh(0%) + 2 (7 h(e)de = 0

> (—6.667K, + 2.357K,) + %Kl + %Ka =0 (a)
RO) +h(07) + 52 [7" h(e)de + 2 [ [* h(t)dt = ~[5(0*) — 5(07)]
2 K +-%K5 =0 (b)
[ h(t)dt + %fof [5 r(®dt + %foof S50 h(s)dsdt = — [ 6(e)dt
= Ks=-1 (©

Solving equations (a) (b) (c) we get K; = 13.333,K, = 16.497, K5 = —1

Therefore the impulse response is
h(t) = e~5%7t[13.333 cos(2.357t) — 16.479 sin(2.357t)Ju(t) — 5(t)

Apply convolution integral h,=0.15m

z(t) = 0.15h(t) * u(t) = 0.15 fooh(r)u(t —1)dt

z(t) = 0.15 fw{e‘6'677[13.33 c0s(2.367) — 16.5sin(2.367)Ju(r) — 6 ()} u(t — 1)dt

Use following properties to solve for z(t)
ax

t
e
ax o; — i —
J;e sin(bx) dx P [asin(bx) — bcos(bx)]

t ax
J; e cos(bx) dx = ﬁ [acos(bx) + bsin(bx)]

—6.67t e—6.67t

0 [—6.67 cos(2.367) + 2.36sin(2.367)] — 16.5 =0

z(t) = 0.15 {13.33 [—6.67 sin(2.367)

—2.36 cos(‘r)]} — 0.15u(t)

z(t) = 0.15{e333¢[2.81 sin(2.36t) — cos(2.36t)] + 1}u(t) — 0.15u(t)

z(t) = 0.15e7333t[2.81 sin(2.36t) — cos(2.36t)]u(t)
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20, y(t) = [T3x@)da

Time-Invariance:
t
Let x;(t) = g(t). Then y; (t) = [3_ g(A)dA.
t [
Let x,(t) = g(t — to). Then y,(¢) = [3_g(A—ty)dA = [3_° g(w)du

t
Substitute t with t — ¢, into y; () yields y; (t — t,) = [3_g()dA
¥, (t) # y1(t — t,), thus the system is time-variant.

Stability:

t
If x(t) is bounded, then y(t) = [3_x(A)dA = x(2) f_tg d2 increases without bound therefore the system
is unstable.

Invertibility:
y®©=x(5) > x®=y@E0
Thus the system is invertible.
Chapter 6
18c. —y"(t) + 3y'(t) = 3x(¢t) + 5x"(t)

Rewrite as y"(t) — 3y'(t) = —3x(t) — 5x"(t) (1
Case 2: m=n, add impulse term to general solution

Solve for the homogeneous solution

y'(©)=3y'() =0



A2-31=0 > A2=03
y(t) = K; + K,e3t

h,(8) = (Ky + Kze3u(t)

Method 1:

Solve simplified problem first

y"(©) = 3y'(1) = x(0)
0+
y'(09) =y (07 =309 -y = [ x(©de =1

y'(0") = 3y(0") =1 -> 3K, —3(Ky +Ky) =1

ot ot ,t
0*)—y(07)-3 dt = dsdt =0
YO0 -y =3 ] yodr=[ [ x(oasar
y(0") =0 > K 4K, =0

Thus, Ky = =3 K, =+

he® =[50 - e)]u

Define new variable g(t) where by = —5 to solve for (1)
90 = Y(©) ~ byx(t)

90 = y(©) + 5x(0

IO =y © + 50

7O =y0O +50

Substitute into (1) which yields

9"~ 5'(t) 39’ () — 5 ()] = ~3x() — 5x°(2)
g'() —3g'(t) = —3x(t) — 15x'(¢t)

hg(t) = [-3h, — 15h;()]u(t)
hy(t) = —3%(1 —e3) — 15e3|u(t) = (1 — 16e3)u(t)

h(t) = hg(t) — bod(t)
Therefore the impulse response is

h(t) = (1 — 16e3u(t) — 55(t)



®

(i)

(iii)

22a.

Method 2:
Let y(t) = h(t) and x(t) = §(t) for (1), then
R'(t) — 3R/(t) = —38(¢) — 56"(¢)

Integrate fromt = 0% tot = 0™:

~[h'(0*) = h'(07)] + 3[~(0") = (07)] =3 f0-+ §(t)dt +5[6'(0%) — 6'(07)]

S —h'(0%) +3h(0") =3 f0°_+ s(dt > —3K, +3(K, +K,) =3 (a)

—[h(0%) = h(0)] + 3 [ h(®)dt = 3 [ [* 8(s)dsdt +5[5(0%) — 5(07)]

o —h(0") +3 [ h()dt =0 > (K +K)+3Ks=0 (b)

— [ Rt +3 [0 [1 n(s)dsdt =3 [~ [* [° s(w)dwdsdt +5 [ 5(t)dt

s — [ h@©de=5[" se)de > —K;=5 ©
Solving equations (a) (b) (c) we get K; = 1, K, = —16,K5 = —5

Therefore the impulse response is
h(t) = (1 — 16e3u(t) — 55(t)
Plot II-type block diagram with integrators:

-1 5 +
x(t) *)@ > )@—) y(t)
* v

g(t) = 3cos(10mt) * 45(t + 1/10)

= 12cos[10m(t + 1/10)] =12 cos(12nt + m) = —12cos (10mt)



22d. gt) =tri(2t) = §,(t)

0.3 0.4 0.5

o0

= Z tri(2(t — n))

n=-—ow

1 L 1 1 1
3 2 -1 0 1 2 3
Chapter 15
33b G(s) = —
’ S)= (s+3)(s+8)

Express in partial fraction expansion.

G(s) = A 4 B 4
VE5+3 s+8 (s+3)(s+8)

A(s+8)+B(s+3)=4
s(A+B)+8A+3B=4

s(A+B)=0,84+3B=4 > A=

vl |
oo]
Il

vl |

ull
ull

G(s) =

s+3 s+8



From the Laplace transform table on pg. 591, we get
4 _ 4
g(t) = (2e7 —2e=8)u(r)

Initial-value theorem

4s
g( ) Sl—{?QS (S) sl—>r§) (5 + 3)(5 + 8)

Final-value theorem

) . ) 4s _
e =i = I

s
s2+2s5+2

33b. G(s) =

S s+1 1

() =G+ e+l GrDI+1

From the Laplace transform table on pg. 591, we get

g(@®) = e t[cos(t) — sin(t)u(t)
Initial-value theorem

2

+ = 1 = 1 — e T

9(0") = H?CSG(S) N yfisz +2s+2 !
Final-value theorem

SZ
o) =6l = a4z
39a) y"(t) + 2y'(t) + 10y (t) = x(t)

First Laplace transform both sides of the equation.

d

SV () = 5y(07) = - /() eco- + 2[5Y(5) — y(0)] + 10 (s) = ¢

Then solve for Y(s).

% +5sy(07) +2y(07) + % ),

Y(s) =
(s) s2+ 25+ 10

1
57058 1 1-5s?

YO = Fi2s+10 sG+D2+09




Express in partial fraction expansion.

A

Bs+C
Y(S)=;+

(s+1)2+9
A(s+1)? +94+s(Bs+C) =1 — 5s?
As? +24s+A+9A+ Bs? + Cs = 1 — 552

(A+B)s?+ (2A+C)s + 10A =1 — 552

A+B=-524+C=0 10A=1 > A== B=-2(¢c=-1
10 10

1 Y T +2

T0 ~—q1n°  © S
y(s)zﬂ_kL:_(__—)

s (s+1)24+49 10\s (s+1)?+9
, _1[1 o S*1 49 3
=l 1 err+9 T 3 G240

From the Laplace transform table on pg. 591, we get

y(t) = 1—10 [1 —et (51 cos(3t) — ?sin(?»t))] u(t)

Additional Item:

% Problem 39 (a): Use matlab to compute and plot the response of the

% system. You should use commands like 'tf', and 'step'.

% Method 1: use 'tf' and 'step' command - simulate response at initial

o

conditions and add to step response

Y = t£([1],[1 2 101); % construct transfer function
a=[01l; -10 -2]; b = [0; 1]; ¢ = [1 0]; d = [0];

Yl = ss(a,b,c,d); % construct state space

y0 = [-5 10]; % initial conditions

t = 0:0.01:10;

yl = step(Y,t); % step response at zero state
y2 = initial(Y1,yO0,t); % initial condition response
y = yl+y2; % time response with I.C.s
plot(t,y);

% Method 2: use 'lsim' command - compute time response to zero inputs
Y = t£([1],[1 2 101); % construct transfer function
a=[01l; -10 -2]; b = [0; 1]; c = [1 Q0]; d = [0];

Yl = ss(a,b,c,d); % construct state space

X = sign(t); $ x(t) = u(t)

y0 = [-5 10]; % initial conditions

t = 0:0.01:10;

y = lsim(Yl,x,t,y0); % time response with I.C.s
plot(t,y);



43.

K

1= e Hy =1
_Y(s) H;
HS) = ¥e T+ mi,
K
_Y(s)  (s+D(s+2)
A =xo~1, _F
(s+D(s+2)
K
H(s) =

s24+3s+2+K

Find the roots of the denominator

-3+./9-42+K) -3+V1-4K
S = =
2 2

The system is stable for all positive real values of K.

Additional Item:

o\

Problem 43: For a fixed value of K that makes the system

o

o\

the transfer function from x to y. Use 'impulse' to plot the
impulse response of the resulting system.

o

Solution: set K to any real positive value, i.e. K =1

o\

stable, use the matlab commands 'tf' and 'feedback' to compute



num = [1];

den = [1 3 2];

H = tf (num,den)

Hf = feedback (H, 1)
impulse (Hf)

>> H = tf (num,den)

Transfer function:

s™"2 + 3 s + 2

>> Hf = feedback (H,1)

Transfer function:

s"2 4+ 3 s + 3

Impulse Response

0.3

0.2

0.15

Amplitude

0.1

0.05

-0.05 :
0

Time (sec)



