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Problems

P3.1. Compute the Laplace transform of the fol-
lowing signals f(t) defined for ¢ > 0:

a) 1—et;

b) et —e—2t

¢) sinh(t) — cosh(2t);
) sin(t) — cos(t);

e) t+te t;

f) sin(t) — e~ cos(2t);
g e tcos(t+ w/4);
b 1(8) + 16— 1):

e t+1(t—1)et ",
j) 6(t) +te ! sin(t);

(=N

P3.2. Compute the inverse Laplace transform of
the following complex valued functions F'(s):
1

? s(s+1)°
s—1
s+1’

s—1
s(s+1)°

S .
s24+2s+1°
1

b)

d)

€)

(s+1)2+1;
1—e %
hy ———;
s
s+1—e"*%
s(s+1)
1 s 52
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P3.3. Prove that when f(¢), t > 0, is such that
f(t) =0, forall t > T then its Laplace trans-
form is analytic in C (entire) or its singularities
are removable. Verify this by showing that the
following complex valued functions:

a) 1—e *+e 2%

1—e 3
b — .
s
1—2e 5 e 28
©) ;
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1—2e 54235 — g 4s
e) 5 ;
s
1—2e %4 2e 35 — 45
f) 3 ;
s
e S 1(es —¢
g) i Gl );
s—1

have only removable singularities. Compute the

inverse Laplace transform, f(t) = L~1{F(s)},
and sketch the plot of f(t), ¢ > 0.

Hint: Roughly speaking, F(s) is singular at a

removable singular point sq if lims_s sq F(s0)

exists and is bounded and F' (so) and all higher

order derivative exists, e.g. s~ sin(s) at 0.

P3.4. The complex valued functions F'(s):

e~ S
a) ;

S

1— e—27‘rs

b s2+1

—27s
o s(l—e ) :

s2+1
are Laplace transforms obtained from functions
f(t),t > 0. Assume that f(0~) = 0 and
use the formal derivative property and the in-
verse Laplace transform to calculate the time-
derivative function, f (t), t > 0, without eval-
uating f(t). Locate the discontinuities of the
original function f(t).

P3.5. Show that

=0 —an ().

Hint: Use [ cos(at) da = sin(at)/t and the
linearity property.

P3.6. Use P3.5, the (t-domain) integration prop-
erty and the final value property to show that

t sin(at)

lim

. ™
A ) dt = blgn(a)g.

P3.7. Use P3.6 and (3.7) to show that
oo
/ o(t)dt =1.
—o0

P3.8. Use the convolution property to show that

" Hr)a— Ty dr = £(0).

0—
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P3.9. Let C be the unit circle traversed in the
counter-clockwise direction. Use Theorem 3.1,
Cauchy’s Residue Theorem, to evaluate the con-

tour integral:
/ f(s)ds
C

for the following complex valued functions:
a) 1—e %
1+e®

b)) ——;
S

(N

c) —;

| ==

d)

v
S

1 .
s(s+ 1/2)’
s+ 1/2)(s+2)

€)
f)

P3.10. Compute the expansion in partial frac-
tions of the following rational functions:
1 .
(s+1)(s+2)]
s—1 )
(s+1)(s+2)]
s(s—1)
(s+1)(s+2)’
1 .
s(s+1)(s+2)°
1 .
s2(s+1)°
1 .
s242s4+1°
1 .
s2 42542’
s+ 1 .
(s2 + 25 +2)2’

a)
b)
9]
d)
e)
o)

2

h)

P3.11. Let u(t), t > 0, be such that u(t) = 0
forall¢ > T and U (s) be its Laplace transform.
Show that

y(t) = L7HU(s)},

is a periodic function with period 7T". Use this
fact to calculate and sketch the plot of the inverse
Laplace transform of

1—esT/2
Y(t) = ——m——.
® s(1—e—sT)

U(s)

Y(s) = Py

Us)

Fig. 3.4: Block diagram for P3.12

Repeat for
1 _ ¢—83T/2

YO= iy

Explain what happens when u(t) # 0,¢ > T?
Hint: Recall that (1—x) ™! = 1+z+2%+- .-,
Sorall |z| < 1.

P3.12. Calculate Y'(s) in the block-diagram in
Fig. 3.4. What happens when o = 1? What
about o < 1 and o > 1? Compare with P3.11.

P3.13. Use the Laplace transform to solve the
following linear ordinary differential equations:

2 yty=0 v(0) =1
B gry=1 y(0) =0
) y—y=0, y(0) =1
dy-—y=1, y(0) =0;
& j+y=0, v(0) =1,5(0) = -1;
f) j+g=et, y(0) = 9(0) = 0;
9 j+y=0, y(0) =1.4(0) = —1;
h) 4+ y = cos(t), y(0) = 5(0) = 0;
D g+29+y=0 y0)=175(0)=0;
i) i+2y+y=sin(t), y(0)=y(0)=0;
K §+29+2y=0, y(0)=15(0)=0;
1) §+29+2y = cos(t), y(0) = y(0) = 0;

P3.14. A sample-and-hold system produces the
output

y(t) = u(kT),

ET<t<(k+1)T, keN,

in response to a continuous input, u(¢). Show
that the sample-and-hold system is a linear sys-
tem. Show that it is not time-invariant. Why
the name sample-and-hold? Can you think of
an application for such system?
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P3.15. Show that the response of sample-and-
hold system, P3.14, to an impulse 6(t — 7) is

g(t7T) = 5(kT_7—)7
kT <t< (k+1)T,

t
y(t) :/O g(t,

Hint: Use P3.7.

ke N.

and that

) u(T)dr.

In the following questions, when asked to com-
pute the response to a given input, assume zero
initial conditions unless otherwise noted.

P3.16. A linear time-invariant system has as im-
pulse response

gty =e"",

Compute the system’s transfer-function. What
is the order of the system? Is the system asymp-
totically stable? Calculate the response to a con-
stant input w(¢) = @, ¢ > 0. Identify the tran-
sient and steady-state part of the response.

t>0.

P3.17. Repeat P3.16 for the following impulse
responses, g(t), t > 0:

a) e 2t —et;

b) et —et;

c) —te 2t

d) e~tcos(t);

e) e t(cos(t) — sin(t));

f) cos(t + 7/6);

g) 6(t) +te ! sin(t);

By 1(8) — 1(t— 1);

D t—20t— D)1t —1) + (t — 2)1(t — 2);

P3.18. You have shown in P2.1 that the ordinary
differential equation

mv+bv=mg

is a simplified description of the motion of an
object of mass m dropping vertically under con-
stant gravitational acceleration, g, and linear air
resistance, —b v. Solve this differential equation
using the Laplace transform. Treating the grav-
itational force, u = mg, as an input, calculate
the transfer-function from the input, u, to the
velocity, v, then calculate the transfer-function
from the input, w, to the object’s position, z =
f(f v(7) dr. Assume that all constants are posi-
tive. Are these transfer-functions asymptotically
stable?
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P3.19. You have shown in P2.7 that the ordinary
differential equation

(Jlr% + Jgr%) w1 = r% T,
w2 = (r1/r2) w1

is a simplified description of the motion of a ro-
tating machine driven by a belt without slip as in
Fig. 2.18, where w1 is the angular velocity of the
driving shaft and ws is the machine’s angular
velocity. Calculate the transfer-function from
the input torque, 7, to the machine’s angular ve-
locity, wa, then calculate the transfer-function
from the torque, 7, to the machine’s angular po-
sition, 0 = fg w2 (7) dr. Assume that all con-
stants are positive. Are these transfer-functions
asymptotically stable?

P3.20. Consider the simplified model of the ro-
tating machine described in P3.19. Calculate
the machine’s angular position, f2, and angu-
lar velocity, w2, obtained in response to a con-
stant torque input, 7(t) = 7, t > 0. Identify
the transient and the steady-state component of
the responses. Repeat the question for an input
7(t) = 7 cos(wt), t > 0.

P3.21. Recalculate the steady-state responses to
the inputs in P3.20 using the system’s frequency
response. Compare your answers.

P3.22. You have shown in P2.7 that the ordinary
differential equation

Jw+ (b1 +b2)w =7+ gr(mi —ma),
J=J1+ Jo +7%(m1 4+ ma),

V] =Tw,

is a simplified description of the motion of the
elevator in Fig. 2.19, where w is the angular ve-
locity of the driving shaft and vy is the elevator’s
load linear velocity. Treating the gravitational
torque, w = gr(m1 —ms2), as an input, calcu-
late the transfer-function, G, from the gravita-
tional torque, w, to the elevator’s load linear ve-
locity, v1, assuming that the motor torque, 7, is
zero. Calculate the transfer-function, G-, from
the motor torque, 7, to the the elevator’s load
linear velocity, v1, assuming that the gravita-
tional torque, w, is zero. Assume that all con-
stants are positive. Are these transfer-functions
asymptotically stable? Assume zero initial con-
ditions and verify that:

Vi(s) = G- (s) 7(s) + Gw(s) W(s).

Explain the results.
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P3.23. Consider the simplified model of the el-
evator described in P3.22. Calculate the eleva-
tor’s linear velocity, v1, obtained in response to
a constant torque input, 7(¢) = 7, t > 0. Iden-
tify the transient and the steady-state component
of the response. Repeat the question for an input
7(t) = T cos(wt), t > 0.

P3.24. Recalculate the steady-state responses to
the inputs in P3.23 using the system’s frequency
response. Compare your answers.

P3.25. You have shown in P2.16 that the ordi-
nary differential equation

KiK. ) Kt

w=—

R, R,

Jw+ (b + Va
is a simplified description of the motion of the
rotor of the DC motor in Fig. 2.20, where w is
the rotor angular velocity. Calculate the transfer-
function from the armature voltage, vq, to the
the rotor’s angular velocity, w. Assume that all
constants are positive. Is this transfer-function
asymptotically stable?

P3.26. Consider the simplified model of the DC
motor described in P3.25. Calculate the motor’s
angular velocity, w, obtained in response to a
constant armature voltage input, ve (t) = Tq,
t > 0. Identify the transient and the steady-state
component of the response. Repeat the question
for va (t) = Dq cos(wt), t > 0.

P3.27. Recalculate the steady-state responses to
the inputs in P3.26 using the system’s frequency
response. Compare your answers.
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