2 H, and H,, Spaces

2.1 Complex-valued Functions

Let S C C and f(s): S — C.
f is analytic at sy € S if it is differentiable at s
If f is analytic at sy € S then it has continuous derivatives of all orders at s

If f is analytic at sy € S then it addmits a power series expansion at sy; The
converse is also true

f is analytic in S if it is analytic at all s € S

Maximum Modulus Theorem: Let S be a closed and bounded set and f be
analytic in the interior of S (intS). The function |f(s)| attain its maximum in
int S if and only if f(s) is constant.

Cauchy Integral Theorem: Let S be a simply connected region and f be
analytic in int S. The integral of f on any closed curve in S is zero.

Examples

1. e* is analytic everywhere in C
2. eszzzﬁoj—; forall s € C
3. - is analytic in C\{a}

S
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2.2 Linear Vector Spaces
Things we should know:

1. What is a linear vector space?
What is a subspace?

What is the dimension of a linear space (subspace)?

il

Let X be a vector space over C

(a) ||z]| : X — R is a norm if
Lz >0 VeeX, |z[|=02=0
i [z +yl| <zl + 1yl Vo,ye X (triangle inequality)
ii. ||az|| = |alljz]] VaeC,ze X
(b) (z,y) : X x X — C is an inner product if

L (z,y) = (y, )

i. (r+y,2) = (r,2) + (y, 2)

ii. (az,y) =a(x,y), VaeC

iv. (z,z) >0and(z,z) =0 2=0

5. Normed Spaces: vector space + norm

Examples (Linear Vector Spaces):
1. C" and C™*"
2. x =p(t) e C"™" Vtela,b] p(-)is a function in [a,b]
3. x=p(s) e C"" VYseC p(-)is a polynomial
Examples (Norms)
LC el =20y ], 2l = maxi |
2.Cm szl = maxg Y |y, lzf] = max; Y2, [y

3. ||z|| = supsefay lz(@)]l
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2.3 L[a,b] Space

Linear Vector Space:
Norm:

(X)) is the maximum singular value of the complex matrix X

£l = supyepop oLf ()]

Lo Space: all f such that || f|| < o

Examples:
1. f(t) =2 —t +3 € L0, 1]

2. f(t) =t & Loo(—00,0), f € Ly|l, 0
3. f(t) =1 1/2€L 1, 50)

4. f(t) = e € L]0, 00)

5. f(t) = €' & L0, 00)

6. f(t) =e € Lo(—00,00)

real-valued functions
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2.4 L. (jR) Space

Linear Vector Space:  complex-valued functions
Norm: || F| = sup,cg 7F (je)

(X)) is the maximum singular value of the complex matrix X

Lo (jR) Space:  all F such that ||F|| < oo
RL.(jR) Space:  Fis rational and F' € L (jR); RLy(jR) C L(jR)

SISO RL.(jR) = rational, proper, no poles on the imaginary axis

Examples:
1. F(s) = =5 € RLy(jR)
2. F(s) = =55 € RL(jR)
3. F(s) = £ ¢ Ly (jR)
4. F(s) = ;;SQ € Low(JR), F ¢ RLo(JR)
(5=3)(s+1)
5. F(s) = |25 | € RLo(jR)
(s—5)
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2.5 H, Space

Linear Vector Space:  complex-valued functions, analytic in Re(s) > 0

Norm:
|F|| = sup o[F(s)]
Re(s)>0
= supo[F'(jw)]

weR
H., Space:  F analyticin Re(s) > 0 and ||F|| < co;  Ho C Loo(JR)
RH,, Space: Flisrationaland ' € H,;, RH, C Hy

SISO RH,, : rational, proper and asymptotically stable

Examples:

1. F(s) = =5 € RH

2. F(s) =5 ¢ Hy

3. F(s) =45 € Hw, F¢&RH,

(=35t
(s+5)

€ RH
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2.6 Pre-Hilbert and Hilbert Spaces

Pre-Hilbert Spaces: vector space + inner product
The function ||z|| := \/(x,z) is a norm
(Pre-)Hilbert Spaces are normed spaces
Pre-Hilbert Space + completeness = Hilbert Space

Some facts:

1. z,y are orthogonal if (z,y) =0. (z L y)

2. | (z,y) | < |lz|l|lyll; (Cauchy-Schwarz Inequality)
[z, 9) | = llzllllyll #f 2 = ay, o« € C, or z(y) = 0

3. lz + 9yl + ||z — yl|* = 2||z||* + 2||y|? (Parallelogram Law)

4. lz+yl* = llz|* + |ly|* ifz Ly (Pythagorean Theorem)

Projection Theorem: Let S be a closed subspace of a Hilbert space X. For a
given x € X there is a unique vector § € S such that

|z — 5| < ||z —s||,Vs €S, or, in other words, 5 = arginfscg || — s||. This
vector is such that (x —5) L S.

Examples (Inner Products)
1. C": (x,y) =2x'y
2. C™ o (x,y) = trace(x*y)

3. Lofa,b] - (x,y) = [ trace[z*(t)y(t)] dt
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2.7 Ls|a,b] Space

Linear Vector Space:  real-valued functions in [a, 0]

Inner product:

b
() = [ twacels" t)g(e) e

Norm: induced by the inner product (Hilbert space)

Lyla,b] Space:  f such that || f|| < oo

Examples:
L f(t)=1t*—t+3 € Ly[0,1]
2. f(t) =171 & L,]0,00), f € Ly[l,00), ([Tt 2dt= -t =1)
3. f(t) =t ¢ Lu[1,00) (7 dt = logt]y* = oc)
4. f(t) =€ € Ly(0,00)
5. f(t) = €' & L»(0,00)
6. f(t) =e Il € Ly(—00, )
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2.8 L,(jR) Space

Linear Vector Space:  complex-valued functions

Inner product:

(F,G) = % / " trace[F~ (juw) G (jw)] dw

—0Q

Norm: induced by the inner product (Hilbert space)

Lo(jR) Space:  F' such that ||F]| < oo
RLy(jR) Space:  Flis rational and F' € Ly(jR); RL2(jR) C Lo(jR)

For SISO RLs(jR) = strictly proper, no poles on the imaginary axis

Parseval's Theorem: Let f € Ly(—00,00) and F(s) be its Laplace Transform.
Then F € Ly(jR) and || f|| = || F||-

Examples:
1. F(s) = =5 € RLy(jR)
2. F(s) = =55 € RLy(jR)
3. F(s) = gy € RL2(JR)
4. F(s) = 55 & Ly(jR) (F(joo) — 1)
5. F(s) =e¢* ¢ La(jR) (F~(jw)F(jw) =1 Vw!)
6. F(s) = &5 € Ly(jR)
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2.9 H, Space

Linear Vector Space:  complex-valued functions, analytic in Re(s) > 0

Inner product:

(F,G) = iﬂ Sup {/Z trace[F"™ (o + jw)G(0 + jw)] dw}

trace[ F'~ (jw)G(jw)] dw

:% .

Norm: induced by the inner product (Hilbert space)

Hy Space:  F analytic in Re(s) > 0 and ||F|| < oco; Hs C Lo(jR)
RH> Space:  Flisrational and ' € Hy;, RHy, C Hy

For SISO RH, = rational, strictly proper and asymptotically stable

Parseval's Theorem: Let f € L1[0,00) and F(s) be its Laplace Transform.
Then F € Hy and ||f|| = || F|-

Examples:
1. F(s) = =5 € RH,
2. F(s) = 5 ¢ RH, (not stable!)
3. F(s) = 1 ¢ H, (F(joo) — 11
4. F(s)=e* ¢ Hy (F~(jw)F(jw) =1 Yw!)
5. F(s) = &5 € Hy
6. F(s) = F?; ¢ RH., (FrUw)FGw) =1+ 255 > 1 vat)
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2.10 H; Space

Linear Vector Space:  complex-valued functions, analytic in Re(s) < 0

Inner product:
1 oo
(F,G) = —sup {/ trace[F'~ (0 + jw)G(o + jw)] dw}
27‘- 0<0 —00
1 0
= — trace[F™ (jw)G(jw)] dw
21 J_
Norm: induced by the inner product (Hilbert space)

H3- Space:  F analytic in Re(s) < 0 and ||F|| < oo; Hy C Ly(jR)
RHjy Space:  Fisrational and F € Hy; RH; C Hy

For SISO RHj = rational, strictly proper and asymptotically anti-stable

Parseval’'s Theorem: Let f € Ly(—00,0] and F'(s) be its Laplace Transform.
Then F € Hy and ||f|| = || F]|.

Examples:

1. F(s) = = ¢ RHy (stable!)
2. F(s) = -5 € RHy

3. F(s) = 1 ¢ i} (F(joc) = 11)
4. F(s)=e* ¢ Hy (F~(jw)F(jw) =1 Vw!)
5. F(s) = &5 € Hy

(s+1) :

6. F(s) = [<s2> ¢ RH,, (F“(jw)F(jw) =140l > Vw!)
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2.11 Relations between H,, H; and Ly(jR) spaces

Lemma: Let G(s) € RHy. Then G~(s) € RH>.
Proof: Because G~ (s) = GT(—s), if 5 is a pole of G(s) then —5 is a pole
of G™(s).

Lemma: Let F(s) € RH, and G(s) € RHy . Then F(s) L G(s).

Proof: Consider the semicircle C', of radius p centered at the origin and entirely
contained in the right hand side of the complex plane. Because G™~(s) € RHo,
the rational scalar function

T(s) = trace[F(s)G~(s)] € RH>.

Therefore T'(s) is analytic in C, for any value of p > 0, and the Cauchy Integral
Theorem states that

fc T(s) ds — / " 1) dw — / " e d — 0

—7/2

p p
Since T'(s) is in RH, it is strictly proper, hence

/2

lim T(pe’®) df = 0.
P=0 ) —n/2
Consequently
1 (0.9]
(F(s),G(s)) = —/ T(jw) dw :f T(s)ds — 0
2m —00 Coo
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Corollary: RLy(jR) = RHy, ® RH5
Proof: Using partial fractions expansion, any H(s) € RLs(jR) can be written

H(s) = Hy(s) + H,(s)

where Hy(s) € RHy and H,(s) € RHj-, so that Hy(s) L H,(s).

Corollary: Let H(s) = Hy(s) + Ha(s) € RLy(jR) where Hy(s) € RH5 and
H,(s) € RHy. Then |[H|* = || Hy(s)|I* + [ Ha(s)|”

Example:
2s 1 1
H — =
O =GIDe-D " srl T i1
Hb(s) Ha(S)
Note that
1 [~ 1
H|)? = 142:——/ d
I = [+ 07 =50 | e
00 1 m —m 1
= —arctanw|> = —(=— —) ==
2 < 272 2 2
and

|H||? = || H||* + || Hall?
= || H|)* + || 5|
=+ + -6+
=2|(s+ 1)t =1
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2.12 Linear Operators

Definition: A linear map between two linear spaces. T : X — Y
Notation: 7: X — Y, y=1Tx

Example: A linear time-invariant system H! Takes a signal u € L5[0, c0) and
produces a y = Hu € L0, 00).

Operator norm: When X and Y are normed spaces

lekd
17| = sup S = sup [T |
#0 12 je)=

Submultiplicative property: ||[AB| < ||A||||B]|
Proof: Note that for any x € X

Tx
17 = sup 122> = T2 < T2
o P

Therefore
ABx
1AB]| = sup 1257
z#0 |||
< o JAIBz|
<sup—r-—
w20 |7l
Bx
< [|A] sup 1221
w40 |||
< || A]l[| B

Example: T:C" —- C", y=Tx
Since

|Tx||* = 2" T*Tr < max \(T*T) 2*x = 72(T) ||=||?
with equality holding when x is an eigenvector of T'

T
170 = sup 22— 57y
w20 || 7]
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2.13 H, norm as an operator norm

Theorem: Let H(s) be the transfer function of a linear time-invariant system.
Let the input u € L»[0,00) and assume the output y € L5[0,00). The norm of
the linear operator H : Ly[0,00) — L3[0,00) is equal to the H., norm of the
transfer function H(s).

Half proof: First note that

HHH - HSlﬁ-p HCUH7 u € LQ[()?OO)? y:HUELZ[anO)
ul|=1

As u and y are in Ls[0, 00) compute the corresponding pair of unilateral
Laplace transform U, Y € H,y. Then use Parseval's theorem to compute

|HI| = Sup [Yl[, U(s) € Hy, Y(s)=H(s)U(s) € H>
Ul=1
Now note that for any U
1 [~ ~ o~ : .
V1= 5 [ toacelU (o) B (i) Hio)U (o)) o,

27 J_o
< % /_Z trace|U™ (jw) sup [H™ (jw)H (jw)] U (jw)] dw,

weR

< supa{H(jw)) 5 [ " tracelU™ (jw)U ()] do

weR 00

< [H]ZIU1:;

which implies that

1Y][2
| H|| = sup
v0 U2

< [ H [loo-

The second part is to prove that ||H|| > ||H||«. See Zhou p. 52 or Colaneri
p. 53.
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2.14 Inner Functions

Definition: A transfer function F'(s) € RL is called all-pass if F' is square

and F~(s)F(s)=1.

Definition: A transfer function F'(s) € RH is called inner if F~(s)F(s) = 1.

Definition: A transfer function F(s) € RH is called co-inner if

F(s)F~(s)=1.

Definition: A transfer function F'(s) € RH is called outer if there exists
X (s) analytic in Re(s) > 0 such that F'(s)X(s) = I.

A|B
Lemma: Let F(s) = %H € RH,, and let X = X7 solve the Lyapunov

equation

A X+ XA+C"C=0
If DTC' + BTX =0 then F~(s)F(s) = DT D. If (A, B) is controlable and

F~(5)F(s) = DTD then DTC + BTX = 0.

Proof: Note that

Applying the similarity transformation defined by

I X
r=lp 3

—AT|-CT] [A| B]
BT | DT | |C|D]
AT —CTC—CTD"
0 A B
| BT DTC | D™D |
I —-X
=l 7]
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we obtain
(AT —ATX - XA—-CTC|-C"D - BX
F~(s)F(s) = 0 A ‘ B -‘
| BT BT™X+Dp'C | D'D |
AT 0 ~CTD — BX
A
| B7 B'X+D'C| D'D |

Corollary: Let F(s) = %% € RH,, be a minimal realization and X = X7
solve the Lyapunov equation

AX+XA+CC=0
F(s) is inner if and only if DTC + BTX =0 and D'D = I.

Lemma: Let F(s) € RH., be a scalar transfer function. There exists an inner
function Fj(s) and an outer function F,(s) such that F(s) = F;(s)F,(s). If
F(jw) # 0 then F;!(s) € RHy.

Proof: Assume F'(s) has m, 4+ 2m. non-minimum phase zeros

{&17 vy Qpy A, +1 =+ j/er—i—l? <oy Oemy, + jﬁmr+mc}
where a; > 0,1 =1,...,m, +m.
Define
Mg — oy s —a; F 10
F(S) — 1 1 : 2
Z ESﬂLOéii:ln;[HSJrOéii]ﬁi

Note that F;(s) is inner, i.e.,

My Myp+Mme

Fr(s)Fi(s) = [[ -2 =% ]

s—a; s+
i=1 5T Y i=m,+1

s+a;+j0is—a; FJb _1q
s—a; FjBis+a; £ 0

Now define
F,(s) = F(s)F (s).

7

All zeros of F,(s) have nonpositive real part. Therefore I, 1(s) is analytic in
Re(s) > 0. If F(jw) # 0 then F,(s) has no zeros on the imaginary axis so that
F,(s)™' € RH.

MAE 284 33 Mauricio de Oliveira



