3 Computing RH, and RH,, Norms

3.1 Sylvester and Lyapunov Equations

Lemma 1: Consider the Sylvester Equation
AX+XB=C

where A € C™", B € C™™ and C' € C"*™_ A solution X € C"*™ exists and
is unique if and only if \;(A) +\;(B)#0foralli=1,...,n,j=1,...,m.

Proof: The Sylvester Equation is a linear equation and it has a unique solution
if and only if the homogeneous equation associated with the Sylvester equation
admits only the trivial solution. Assume it does not, that is, there X =# 0 such
that
AX+XB=0

Then, multiplication of the above on the left by v # 0, the ith left eigenvector
of A, and on the right by u; # 0, the jth right eigenvector of B, yields

0 = vl AXu; + vi X Bu; = [N(A) + \;(B)] v Xu;.

Since \;(A) + \;(B) # 0 by hypothesis we must have v} Xu; for all 4,5. One
can show that this indeed implies X = 0, establishing a contradiction.
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Lemma 2: Consider the Lyapunov Equation
ATX + XA+ CTC =0
where A € C"™" and C' € C™*",

1. A solution X € C"™" exists and is unique if and only if \;(A) + A;(A) # 0
forall 7,7 =1,...,n. Furthermore X is symmetric.

2. If A is Hurwitz then X is positive semidefinite.
3. If (A, C) is detectable and X is positive semidefinite then A is Hurwitz.

4. If (A,C) is observable and A is Hurwitz then X is positive definite.

Proof:
Item 1. is a corollary of Lemma 1. That X is symmetric follows from unicity
since

0=(ATX + XA+ CTC)T —(ATX + XA+ CTC)
=ATXT - X))+ (XT - X)A

so that X7 — X = 0.
[tem 2. If A is Hurwitz then
X = / At CT et dt =0
0
and

o0 d T T o0
ATX + XA = tlim EeA tOTCeA dt = eA T CT Ot = —cT¢
— 0 O

since limy_,o, et = 0.
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Item 3. Assume (A, C') is detectable, X = 0 and that A is not Hurwitz. Then
there exists A and x # 0 such that Ax = Ax with A + \* > 0. But if X solves
the Lyapunov equation

— 2" CTCr =" AT Xz + 2" XAz = AN+ \) 2" Xz >0
which implies Cx = 0, hence (A, C') not detectable.

Item 4. Assume that (A, C') is observable and A is Hurwitz. From Item 2.
X = 0. Assume X is not positive definite, that is, there exists  # 0 such that
Xz =0. It follows that

0=1"Xz :/ T e CTCeME di :/ vy (t)y(t) dt
0 0

which implies that response y(t) = Ce4’Z = 0 to a non null initial condition
x(0) = Z is null, which contradicts the hypothesis that (A, C') is observable.
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3.2 Computing the RH,; norm

A|B
Let H(s) = %H be a realization of H(s) € RH,. It follows that A can be
assumed to be Hurwitz and D = 0. From Parseval’'s Theorem

1] = IR

where h = h(t) € Ls[0,00) is the impulse response

0 t<0
hit)=4{
Q {CeAtB, t>0

Then
IH? = [IAlI?
_ / trace[AT (t)h(t)] dt
0

= / trace[BT e tCT Ce™ B dt,
0

— trace [BT ( / eAtOT Ot dt) B] :
0

= trace [BTXB} : X = / eACT et dt >0
0

Since A is Hurwitz X can be obtained by computing the unique! solution to the
Lyapunov equation

ATX + XA+CTC =0

'Because A is Hurwitz, Re[;(A)] < 0 so that \i(A) + X5(4) <0 forany 4,5 =1,..., n.
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Alternatively
1H|* = ||A[?
= / trace[h(t)h" (1)] dt
0

= trace [C’ </ e BBTeA' dt) C’T} :
0
= trace [C’YC’T] , Y = (/ et BT A" dt> =0
0

and

AY +YA" + BB" =0
3.3 Computing the RL, and RH; norms
If H(s) € RHy then H>(s) € RHy and ||H| = ||H™||
If H(s) € RLs then find

H(s) = Hy(s) + H,(s)

where H,(s) € RHy and H,(s) € RH5 .

1| = VI H? + [1Ha? = VI H? + 112
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3.4 Computing the RL, norm

A|B
Theorem: Let H(s) = %H be a realization of H(s). Assume A is

Hurwitz and define
R,:=~*I - D'D, F,:= A+ BR;'D'C
The following statements are equivalent:
L[H|| <~
2. 7(D) <~y and the Hamiltonean matrix

, [ —Ff —CT(I+DR;'D")C
7 |BR;'BT F,

has no eigenvalue on the imaginary axis

3. (D) < «v and there exists a symmetric positive semidefinite stabilizing
solution to the ARE (Algebraic Riccati Equation)

F!'X+XF,+ XBR,;'B"X +C"(I + DR;'D")C =0
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Proof: Let ®(s) :=~*I — H~(s)H(s). Note that
0lH(jw)] <v <= P(jw)>0 <= P(jw) is nonsingular

That positivity of ®(jw) implies nonsingularity is immediate. The converse is
also true. To see that, assume v > ||H|| and that ®(jw) is singular. Then there
exists  # 0 such that ®(jw)x = 0. Without loss of generality one can assume
|z|| = 1 such that

0=2"®(s)z =~° — 2" H™(jw)H(jw)r > v* — & [H (jw)] > +* — || H|]?

which implies v < ||H]|, establishing a contradiction.

In other words, ®(s) must have no zeros on the imaginary axis. Equivalently
®~1(s) has no poles on the imaginary axis. Let us build a realization for
®~1(s). First construct

_ [0l 07 [-AT|-CT][A]B]
[o\fy] LBT\DTHC\DJ
[AT OTC‘ CTD W
I

0 -B
BT DTC |+*-D'D]

and then
-1

AT —CTC|COTD
dl(s)=1 0 A | -B
| BT D'C | R, |

[ 5 [a e wal-[2]e

~|1lo A -B -B
I R'[BT D'C] R
i CTDR !
S
| R;'BT R'DTC | R;l ]

Note that ||H|| < v implies lim,, .o 7[H (jw)] = 7(D) < ~y, which implies
R, > 0, therefore 2, is nonsingular.

To prove that 2. = 1. note that if the matrix Z, has no pole on the imaginary
axis then ®~1(s) has no pole on the imaginary axis. To prove that 1. = 2. note
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that if ®~!(s) has no pole on the imaginary axis then matrix Z., has no pole on
the imaginary axis if ®1(s) is controllable and observable. To prove that
®~1(s) is observable assume it is not and that jw is an unobservable pole of
®~1(s). Then there exists x # 0 such that

x ._ [T — x
Z, <$;> = jo <$;) , R;'[BT D'C] <x;> =0

7 (1) —(A+ BR;'D"C)" -C"(I + DR;'D")C (=
v N BR;'B" A+ BR'D'C To
—AT.’El — CTC.SCQ — CTDR,;I(BTxl + DTCJfQ)
Ao + BR;I(BTIM + DTCCL‘Q)
—ATxl — CTCxl
AZCQ

I
AN

so that
(jo + ANz = —CTCay (jo — A)zs =0

Since A is Hurwitz it has no eigenvalue on the imaginary axis which implies

w9 = x1 = 0 which is a contradiction, and ®~!(s) has no unobservable poles on
the imaginary axis. The proof for uncontrollable modes on the imaginary axis
follow the same pattern.

The proof of equivalence of 2. and 3. comes with the next result. Note that the
simmilarity transformation

0 1]"'[ —F" ~C"(I+DR;'DN)C] [0 I
I 0| |BR;'B” F, Io0

B F, BR;'B"
~ |-C"(1+DR;'D"YC  —FT

puts Z,, in the form in which the next results are presented.
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3.5 Algebraic Riccati Equations

Lemma 1: Consider the Hamiltonean matrix

A R
Z = [—Q —AT]'

where A, R = RT and Q = QT € R™™.
1. X is an eigenvalue of Z if and only if —\ is an eigenvalue of Z.

2. If Z has no eigenvalues on the imaginary axis then there exists a matrix
W e R™" such that

2V = W (1)
where W is Hurwitz.

Proof:
ltem 1. Z has eigenvalues pairs which are symmetric w.r.t the imaginary axis
because

J ' z)=—-J2J=-2T, 57::E }f], Jl=—-J

ltem 2. Let Z; be the Jordan form of matrix Z so that
2V =VZ;

where V' € R?"?" is a matrix whose columns are the (generalized) eigenvectors
of Z. Since the eigenvalues of Z are symmetric with respect to the imaginary
axis and there are no eigenvalues on the imaginary axis, there exists at least two
distinct Jordan blocks

2 v =i % ) |

0 Zj.

where all n eigenvalues of Z; have negative real part, i.e., Z; is Hurwitz. The
first columns of the above equation are in the form (1) with W = Z; Hurwitz.
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Lemma 2: Consider the Algebraic Riccati Equation (ARE)
ATX + XA+ XRX +Q =0

where A, R = RT and Q = QT € R™" and the associated Hamiltonean matrix
A R
24 R
which is assumed to have no eigenvalue on the imaginary axis.

1. Let
X1

Xo
be (generalized) eigenvectors of Z associated with all n eigenvalues with
negative real part. If X7 is nonsingular then X = X2Xf1 solves the ARE.

V'l:[ ]ECann

2. The solution obtained in item 1. is

(a) real,
(b) symmetric,
(c) unique stabilizing.

3. If R >0 (or R <0) then X is invertible if and only if (A, R) is
stabilizable.

Proof:
[tem 1. From Iltem 2. of Lemma 1 there exists a Hurwitz matrix W such that

ZVy =WWw
Then, multiplying the above by X! on the right and by [X —I} on the left

we get

(X -I1]Zz [)I(] =[X -] [Q XWX =0

Note that

(X -1z [)I(] = [X -1 [_AQ —iT] [)](] = A"X + XA+ XRX +Q
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Item 2. (a) Since Z is real, the columns of V; can be chosen complex
conjugates in pairs so that

- [Xi] X | X P
i) = [ 7= e
where P is some permutation matrix and

X =XoX;'=XoPP X[ = XX =X

that is X is real.

Item 2. (b) X is symmetric if
X=X X' =X*X; =X"*
or in other words
T=XX1—X{X,=0.

Now note that

N . 410 =111 X
TZVIJVIZ[Xl XQ] [] 0:|[X;]

Since JZJ = ZT, Z and J satisfy the Lyapunov equation

JZ+7ZT7=0

Multiplying the above equation by V;* on the left and V; on the right and
using (1)
0=V JZV, + Vi Z' W
= V' JIVIW + W*VJV;
=TW + W"*T.

Because W is Hurwitz T" = 0.
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ltem 2. (c) Multiply (1) by X" on the right and by [I 0] on the left to obtain
I A R I _
1 0]z [X] = [I 0] [_Q —AT} [X] = A+ RX = X\WX; .

Therefore, A + RX is stable because it is similar to a stable matrix. For unicity
assume X is also a stabilizing solution to the ARE. Therefore subtracting the

two AREs

0=(A"X + XA+ XRX +Q) — (ATX + XA+ XRX + Q)
AT(X = X)+ (X — X)A+ XRX — XRX
AT(X = X)+ (X - X)A+ XRX — XRX — XRX + XRX
—AT(X - X)+ (X - X)A+ XR(X — X)+ (X — X)RX
= (A+RX)T(X — X) + (X — X)(A + RX)

The last equation can be seen as a Sylvester equation in (X — X) and since
A+ RX and A+ RX are both Hurwitz \;(A+ RX) + A\;(A+ RX) <0 so

that it admits only the trivial solution, that is, X — X = 0.

Item 3. To proves necessity assume that R = 0 (or R = 0), (A, R) is
stabilizable and that X; is singular, such that there exists x # 0 such that
Xjz = 0. Multiply (1) by [[ O] on the left to obtain

(1 0]z [ﬁj = AX| + RXy = X\\W

Multiply on the left by * X and on the right by «
v X5 AX 1w + 2" X5 RXox = 2" Xo XiWa = 2" X7 XoWa
and use the fact that X;2 = 0 to obtain
" Xy RXox =0
which implies RX>x = 0 because R = 0 (or R < 0). Note that this also implies
X Wx =0.
If X7 is singular then it can be shown that there exists  # 0 such that
Xiz=0, Wz=A%, IA+X<0
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Now multiply (1) by [0 ] on the left to obtain

0 1]z Kj = QX — A Xy = Xo,W

and multiply by z such that X;z = 0 on the right

0=(A"Xy — XoW)z
= (A" — M) Xz
Since RX,Z = 0 (A, R) is not stabilizable, which is a contradiction.

To prove sufficiency note that if X is invertible than A + RX is stable such
that (A, R) is stabilizable.
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