5 The H, Optimal Control Problem
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Figure 5: Feedback connection

5.1 Problem Statement

Let
H = [ ] = Egz gB}

where (A, B,) is stabilizable and (A, C}) is detectable.

H., Control Problem: Find C(s) such that

C(s) = argmin |7 (H(). C(o)).

From the parametrization of all stabilizing controllers
Fi(H(s),C(s)) = Tu(s) + Ti2(s)Q(s) T2 (s)

so that

min |7 (H (). O()) o = min [Tu(s) + Ta()Q(s) T ()]
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5.2 Equivalent Formulation as a Hankel Approximation Problem

Suppose there exist 15 and T3} such that

o o =5 (5] -

Note that

[Tials) Ti(s)]  and Eg;]

are inner and co-inner, respectively, and square. Once can chose K and L such
that 755 and T3; with such properties always exist (not shown here!).

Lemma:
Let G(s) € RHy be inner (i.e. G™(s)G(s) = I), then for any F'(s) € RH

IG(s)F(s)llo0 = [1F(s) [

Proof:
[F(s)G(5) o0 = sup T (G jw) F(5w))
= sup AF™ (jw)G™ (jw)G(jw) F(jw))
—supX( Tw)F(w))
= HF( oo
Lemma:

Let G(s) € RHy be co-inner (i.e. G(s)G~(s) = I), then for any F'(s) € RHy
[F(5)G()]loc = 1)l
Proof:
[F ()G (8)lloc = supT(F(jw)G(jw))

= Sup AF(jw)G(jw)G™ (jw) F~ (jw))
= sup A(F(jw)F~(jw))
= HF( Moo
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5.2.1 The 1-Block Problem

If T15(s) and Th(s) are square and
Tﬁ(S)Tm(S) = [, T21(8>T2N1(S> =1
then

1T11(5) + T12(5)Q(8)T21(5) | o = T11(s) + T12(8)Q(5)T21(5)]|
= || Tha(s) (T13(s)T11(s)T51(s) + Q(s)) To1(s)l o
= || T75(5)T11(s) T35 (s) + Q(8) |

Furthermore

IT72(5)T11(8) T (8) + Q(8)ll o = [IT21(8)T11(8)Th2(s) + Q7 ()l

where T51(s)T7{(s)T12(s) can be shown to be in RH.
Hankel Approximation Problem: Find Q(s) € RH,, such that

Qg}l%l{llw [ To1(s)T71(s)Th2(s) + Q7 ()|l

AKA as Nehari Extension Problem.

Solution is known (Glover, 1984)
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5.3 Equivalent Formulation as a Model Matching Problem

Model Matching Problem: Find Q(s) € RH, such that

Q(s) = arg Q(SIQ%HOO 1T11(s) + T12(s)Q(8)T21(5) || o

Model Matching Problem (SISO): Find Q(s) € RH such that

@'(s) = arg | min [73(s) + Ta()QAs)

Trivial case: If T1(s)Ty () is stable then

Q(s) = -Ti(s)T5 ' (s),  [IT1(s) + Ta(s)Q"(s)]|l . = O

Simplest next case: If T5(s) has one zero sy such that sy + s > 0. Then

IT1(s) + Ta(s)Q(s)|l o = sup [Ti(s) + Ta(s)Q(s)]
Re(s)>0

> ‘T1<So) + TQ(SO)Q(SO)‘
> |T1(s0)]

But for Q*(s) = [T1(s) — Ti(s0)]Ty '(s)
IT1(s) + Ta(s)Q™(s) [l oo = 1T1(50) [l

Note that Q*(s) is stable because T1(s) — T1(sg) has a zero on s!

General case: Nevanlina-Pick Problem.
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5.4 Super Simplified H,, Control Problem Solution

Let
[A| By B.]
H(s) = [Z[”Ej g‘j] C.[ D=y Dy
e ol Cy| Dyw Dy

Assumptions:

1. (A, B,) is stabilizable and (A, C,) is detectable

2. D, =0
3. Dy, =0
4. DI C.=0and DI, D, =1
T _ T _
5. B,D,,=0and D, D, =1
6. (A, B,) is controllable and (A, C.) is observable
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Theorem: There exists a controller C'(s) such that ||F; (H(s),C(s)) || <~
under the above assumptions if and only if all the following conditions are
satisfied

1. There exists X symmetric and positive semidefinite stabilizing solution of
the Riccati equation

ATX + XA - X(B,BI —42B,BIYX +CTC, =0

2. There exists Y symmetric and positive semidefinite stabilizing solution of
the Riccati equation

AY +YAT —Y(C]C, —~y7*CIC)Y + BB, =0

3. max; | \(XY)| <92

If so, all controllers such that ||F; (H(s),C(s)) || <y are parametrized as the
feedback connection of

[ Ax | —ZwLoa ZuB, ]
R(s)=| Ky 0 I :
—-C, I 0
where

A = A+~ B, BLX + B,Koo + Zo LoC,
Zoo =1 —~YX)™!

Lo :=-YC)

K. :=—-B'X

with Q(s) € RHy such that ||Q(s)|| < .

MAE 284 96 Mauricio de Oliveira



5.5 Removing the Assumptions

AKA as Loop Shifting.

551 D,, =0
Define
"lj =Y — Dywu
so that
) [ A | Bu B. |
¢, | Dy, 0

5.5.2 Normality of D, and D,,

This assumption can be replaced by D, full column-rank and D,,, full
row-rank. Let

A B, B,
[ Haw(s) Heu(s)] |_ ‘ -|
Y 4 Cy | Dyw 0
If D,, is full column rank, compute
D, =UsV' =[U; Us] Vo= Ul'v, =1I.
2U ZVT Yz Su ) z Tz

It Dy, is full row rank, compute

Dy, =UsV' =[0 U] [‘é] = [0 S| Ve, VyVu=1
Now define
w = V6w u = Syu
F=U!z g=25"ly
so that
w = V,w u= S;lN
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and

A | B,V B,S,'
H(s) = { vre, | ufp.,V, U!'D.S;! J .
S,'Cy | S, Dy Vi 0
Note that
T 1 _ T 0] g1 |0
ur'pn.,S;t=UlU, [Su Sul =1,
and
S, DyVi = 5,1 [0 S| Ve Vi = [0 1]
Also

Fi (H().0(5)) = Ho(s) + Ho)O(S) [T = Hyuls)C()| Hyuls)
= Ul'H.(s)Vi + UI H.o(s)C(s) [I = Hyu(s)C(5)] ™" Hyu(8) Ve
= U Fi(H(s),C(s)) Viy

and

(0.9]

|7 (). c) || = 1077 (). csn vl = 17 GGs). @)

5.5.3 Orthogonality of C, and D,,

Define
i =u+ D! C.x, w=1— DI Cux
so that
~ [ A-B,DLC. | B, B, ]
H(s)=| (I-D_,D!)C. 0 D,y
Cy Dy

Because DL D =TI then

ZU U

DY(I - D.,D%,)C. = [D, — (D%,D.,)D]C. = 0
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5.5.4 Orthogonality of B, and D,
Note that
Fi(H(), C(3))" = [Haals) + Hoal9)C() I ~ Hyul5)O(5)] ™ Hyals)]

= HY,(s) + HL,(s) [ = CT(s)HL (s)] " CT(s)HE (5)
= F. (HT(S), CT(s))

Note that
A" | cf ¢ ]
H'(sy=1| BY | 0 D],
Bf DZU 0
and the definitions
@=u+D,, Blz, w=1u—D,, Bz

yw—w yw - w

are so that
[ AT-cID,BL | CT CI T

yw=w

HT(s) = (I-DI,D,,)BLI | 0 DI
BT DT 0

and because D, DT =T then

yw " yw
Of course
. . T
Fu(H"(5),C7(s))" = 7, (H7(5),C7(s))
= 7 (f(5),C(5))
where
H(s) = { C.| 0 D.,, J
Cy | Dy 0
and B,(I — D},D,,) and D,, are orthogonal.

5.5.5 D., =0 can be relaxed, but it is not so simple!
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5.6 Not So Simplified 4., Control Problem Solution

Let
Ho(s) Hols)] |21 Bo Bu ]
H(S): H (S) H (S) = Cz D., D,,
g yu Cy | Dyw Dy,
Definitions:
1. A, = A— BUDZUCZ

2. C.:= (I -D,D")C.
3. Af Z:A—B DTC

wyw Ty

4. By :=B,(I—-D.D,,)

yw— yw

Assumptions:

1. (A, B,) is stabilizable and (A, C,) is detectable

2. D, =0
3. Dy, =0
4. DT D, =1
T _
5. D, DL =1
6. (A., C.) is observable and (A, By) is controllable.
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Theorem: There exists a controller C'(s) such that ||F; (H(s),C(s)) || <~
under the above assumptions if and only if all the following conditions are
satisfied

1. There exists X symmetric and positive semidefinite stabilizing solution of
the Riccati equation

ATX + XA, - X(B,BT —~42B,BIYX +CTC, =0

2. There exists Y symmetric and positive semidefinite stabilizing solution of
the Riccati equation
T T —2 AT T
3. max; | \(XY)| <92

If so, all controllers such that ||F; (H(s),C(s)) || < are parametrized as the
feedback connection of

|_ Aoo ‘ —ZooLioo Zoo(Bu + 7_2YCzTDzu) -|
R(S) = Koo 0 I )
—Cy, — ’yDwagX I 0

A = A+77?B,ByX 4+ B,Ky + ZooLoo(Cy + v °D,,BLX)
Zoo =1 —~?YX)™!
Ly :=-YC} — B,D,,

K. :=-B'x - DI C

Uz

with Q(s) € RHy such that ||Q(s)|| < .
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5.7 A Proof Using Linear Matrix Inequalities

5.7.1 Preliminaries

Lemma [Schur Complement]: The following statements are equivalent:
1. Z=0, X-YIZ Yy =o.

X vr

2. Z =0, [Y 7

-

Lemma [Schur Complement (strict version)]: The following statements
are equivalent:

1. Z-0, X-YTZ'y =o.
2.X =0, Z-YXYTs0.

X vT
3. [Y Z} = 0.

Proof: Assume Z = 0 and

The nonsingular matrix

I 0
r= [—Z—ly 1]

establishes the congruence transformation

- {X YT} - {X —YTz-ly 0

Y Z 0 Z}EO (- 0).

A similar argument proves 2.
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Lemma [Projection]: The following are equivalent statements:

1. There exists X such that

Q+B'XC+C"X"B <0

2. The following two conditions hold

B'QB, <0 or B'B~0
CIQCL<O or CTC =0

A|B
Lemma [Bounded Real]: Let H(s) = %H be a realization of
H(s) € RH,. Define

R, :=~* - D'D, F,:= A+ BR;'D"C
The following statements are equivalent:
1 ||H| <~
2. 3(D) < 7 and the Hamiltonean matrix

, [ -Ff —CT(I+DR;'D")C
" |BR;'BT F,

has no eigenvalue on the imaginary axis
3. (D) <~ and there exists X > 0 stabilizing solution to the ARE
F/X+XF,+XBR;'B"X +C"(I+DR;'D")C =0
4. 5(D) < ~v and there exists X > 0 solution to the inequality

FIX+XF,+XBR;'B"X +C"(I+DR;'D")C <0

5. There exists a symmetric positive definite solution X to the Linear Matrix

Inequality
ATX + XA XB C7T
BTX —~I DT | <0
C D —I
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Proof: Equivalence of 1. to 3. has been shown before. For the equivalence of 3.
to 4. define

H) = | or 8] = é] l?

such that form some small enough ¢ > 0
HH (s)]| < [|[He(s)I| < [[H(s)]| + ell(s] = A)7'B| <.

Note that

[CT eI <1+ [10)] R [DT o}) [S] =C"(I+DR;'D")C + eI.

That X is strictly positive is a consequence of the fact that

C
(4 15))
is observable for € > 0.

The equivalence of 4. and 5. comes from using Schur Complement. Indeed

0= F/X+XF,+XBR'B"X +C"(I+DR;'D")C
= (A+ BR;'D"C)"X + X(A+ BR;'D"C)
+ XBR'B'X +C"(I+ DR;'D")C
=A"X+ XA+ C'C+(XB+C"D) R} (B"X + D'C)
Vv N -~ J\;—‘ ~ TV d
X vyt 7z Y

is equivalent to

0. [ATX+XA+CTC XB+C'D
B"X +D'C 4’1+ D'D

| AKX ) + (XA (X/y)B] | [CT]
- [ B(X/y —1 ]*@U[C u

)
X vy z7t v
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Using Schur Complement once again after recalling that v > 0 and defining
X, := X/~ we obtain
ATX, + X, A X,B CT
BTX, —yI DT | <0
C D —~I

which is the expression in 5.
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5.7.2 Equivalence with Static Output Feedback

Lemma: Let

o= [l 1) - [ o b

There exists a dynamic output feedback controller
A|B
an
that stabilizes H(s) and ||F; (H(s),C(s)) || <~ if and only if there exits a

static output feedback controller

S
)

N

I~

D,
D

g

Y

C(s) =

- {D C]
that stabilizes the system H(s) so that ||F; (H(s),K) || < -, where
[A| B, B,]
H(s) = lgwg ?] C.|D., D.
v Cy | Dyw
with
A 0| By, | B, 0]
[A| By, | B, ] 0O 0o 0 |0 I
| Cy | Dyw | 0 ] Cy 0|Dyy| 0 0
0 I 0 | 0 0]

Proof: Follows from

| A+ B,DC, B,C | B,+ B,DD,,

Fi(H(s),C(s)) = BC, A BD, }
C.+ D.,DC, D.,C'| D.,,+ D.,DD,, |

[ A+ B,KCy | By+B,KDy, |

C. +D.,KCy | D.yy + D.uu K Dy |
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Theorem: Let

\ ” u
M= 1) o) = { } |

There exists a static output feedback controller K that stabilizes H(s) and
keeps || F; (H(s),K) || <~ if and only if there exists X > 0 such that

ATX + XA XxB, CT

€, Dy 0] | BLX  —I DI, |[C, Dy 0], <0
C, D.., —vI
VAT + AY B, YCI
B 0 DL] BT —I DL | [BY 0 DL], <0
with Y = 1.

Proof: Define

[A|B] [ A+B,KC, | By+B,KDyy |
|C|D| " [C.+D..KCy|D.yp + Do KDy |

Now use item 4. of the Bounded Real Lemma to establish that
| F1 (H(s),K) || <7

if and only if there exits X > 0 such that

ATXY + XA XB T
0>~ BTX  —yI D7
i C D —~l
ATX + XA XB, CT
= Brx —~I DL
i C, D.. —I
@ rs, cr
+| 0 | KL [C) Dy 0]+ |Dy, @\[fo 0 D7)
D., N 0 N
N’
BT X C ct X7 B
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The first inequality in the Theorem comes from direct application of the
Projection Lemma to the above inequality. For the second inequality observe

that

X 00
[BIx 0 DL]=[BI 0 DL] |0 I 0
0 0 I
so that
X100
(BIx 0 DZTU]L: 0 I 0|[BL O DZUL
0 0 [

The second inequality of the projection lemma vyields

ATX + XA XB, CT

0~ [BIx 0 DL | BLx  —y DL, |[BIx 0 DL],
Cz Dzw _7[
= [87 0 DL)]
xXtoo] [ATx+xA xB, CI7[x 100
x| 0 10 Blx  —I DL|| 0 Io0f[B 0 D]
0 01 C. D., —I 0 01
. xXtAT + Ax-t B, &aTicr
=[BT 0 DL, BL -yl DI, | [B] 0 D],
CZX_l Dzw _7[

which is the second inequality listed in the theorem after defining

y:.=Xx1
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Lemma [Matrix Completion]: Let X € R"™" and Y € R™*" be given such
that X = 0and Y = 0 and X = Y ! with rank(X — Y1) = m < n. There
exists matrices U,V € R"" and X,Y € R such that

X vl [y v -

vt x| vt y|"
Proof: The proof is constructive. From Schur Complement, for positiveness we
need

X =UTX"'U
since X >= 0. One such X is
X=U'X"U+1I

Using the formula for the inverse of a 2-by-2 block matrix we have

X Ul (X4 XWEWIX —XUE!
vl X| ~EUTX ! B

where
E=X_-U'x'U=1
That is,

Y V] X'+ Xloutx! XU
vl v| _UTx-1 I

which implies
Y =1, V=-X1,
for any U satisfying
Y =X'1+Xx1vurx
Note that this equation is always solvable since
Ut =Xy - X HX

and the right hand side has rank m.
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Theorem: Let

HO) = (10 o) = { } |

There exists a dynamic output feedback controller C(s) of order n that
stabilizes H(s) and keeps || F; (H(s),C(s)) || < v if and only if there exists
symmetric matrices X, Y € R"*" satisfying the linear matrix inequalities

i T [ATX + XA XB, CT ;
[Cy ODW]L ?] BI{X —’7] Dsz [[Oy ODyw}L ? <0,
C, D., —vI .
[Bu Ol)zu]L ?] OZY _,7[ Dzw [[Bu Ol)zu}L ? < 07
BZ: DZw _7] N
X 1
[1 Y] 0.

Proof: Start by substituting A, B, By, C., D.w, Dy, Cy, Dy by the
augmented system matrices from (2). Partition

X U Y V
*—[UT X]’ y—[w f/]’

and compute

AT+ XAl XB. | T T TATX + XA ATU| XB, | €T ]
| _ | U4 0 |U'B,| 0
: S——= " | BiX B[ —yI | DL |’
- | T C. 0 | Dew | 1.

CAY +YAT AV | B, | YCT]

B T T z
YA +AV| By | VC, VIA 0 | 0 |VIC,
B -1 | D = T T
: w [T Oy OV Dy | AT |
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Note that

so that

I 000

0700

Mauricio de Oliveira
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Using the above expressions, the first inequality of the previous theorem become

ATX + XA XB, CT

T
0> [C) Dy 0], Bl x —~I DL, | [C) Dyw 0],
C. D.,w —I
T
[Cy Dyu], 0
= 0 0
0 I
I000][ATX+XA AU XB, C7F I 000
><OO]O UTA 0 U'B, 0 001710
0700 BIX BU —I DI | |01 00
0001 C, 0 D, —I] 0001
[Cy Dywh
X 0 0
0
- r [ATX +XA XB, ATU CT
B [Cy ODyw}L 8 BgX _7[ B,U Dsz [Cy ODyw]L 8
N 0 7 UrA U'B, 0 0 0 7
- C, D.., 0 —I
a r[ATX + XA XB, CT
_[l¢ Dy}, O r 1 pi | [IC Dy, 0
0 7 B, X ~vI D, 0 7
- C, D., —vI
which is the first inequality in this theorem.
Similarly
I 000 T AT
[BTODT}_BgOODZU_OOIO[B“()Dzuhg
" Z“L_OIOOL_OOOI 0 7
0700
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and

AY + AT B, YCr
0-[BY 0 DL | BL -1 DL |[BI 0 DL],
Czy Dzw _71
r [AY + VAT vcT B,
] C.Y  —~I D., [

_ [[Bff D], 0

[BY DL], ©
0 I

0 I

which is the second inequality in this theorem.

In order to complete the proof we have to establish that ) is the inverse of

X > 0. First note that from the formula of the inverse of a 2-by-2 block matrix
we have

Y = (X —Uxuh)!
where X >~ 0, X>=0andY = 0 since X = 0 and Y = 0. Therefore
X=Y'4Uuxwrs=y!

It is possible to show that if the controller has order equal to n then U can be
assumed to be nonsingular so that the above inequality is strict since X > 0.
The Schur Complement of the above strict inequality is

X I

MG
which is the third inequality in this theorem, and for which we have established
necessity.
Now for sufficiency, note that only the sub-blocks X and Y appear on the
inequalities and that for some feasible X > 0 and Y > 0 we are free to choose

U, V, X and Y. We can therefore use the Matrix Completion Lemma with
rank(X — Y1) = n to conclude on the existence of such matrices.
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Corollary: Let

- 1) 1] - [ ]

There exists a dynamic output feedback controller C'(s) of order n. < n that
stabilizes H(s) and keeps ||F; (H(s),C(s)) || < if and only if there exists
symmetric matrices X, Y € R"*" satisfying the linear matrix inequalities

v [ATX +XA XB, CT

-[Cy ODWL ?] Bng —’y] Dsz {[Cy ODywh ﬂ <0,
- 7 [AY +YAT vcTI' B, -
B! (f)] g cY  —f Do {[Bu é)} 9] <0,
) Bg DZw _7]
(X T
>~ .
¥ Y]_o, X0, Y0

and rank(X — Y1) = n..

Proof: Necessity is as in the proof of the previous theorem, and sufficiency
through the Matrix Completion Lemma with rank(X — Y1) = n,.
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Theorem: Assume
1. D,,=0,
2. Dy, =0,
3.DI.C.,=0and DI, D,, =1,

Uz

4. B,DT =0and D,,DI =1.

w yw yw " yw

There exists a controller C(s) of order n that stabilizes H(s) and keeps
| Fi (H(s),C(s)) ]| <~ if and only if there exists symmetric matrices
X,Y € R™" satisfying the linear matrix inequalities

{ATX + XA—~C]Cy+~7'CIC,  XB,(Dyy). ] ~0
(Dyw) | By X ~Y(Dyw) 1 (Dyw) 1 ’
[AY +YA" —CJC,+~7'B,B,, YCI(Dl). ] <0
X I
HHED
Proof: If DwayTw =T and DI, D, =1 then

B I 0 T NT1 _ I 0
[Cy Dyw]L B |:_Dgw0y (Dyw)i] 7 [Bu Dzu}l a [_DZ“BE (DZU)J‘] |

Consequently

v [ATX + XA XB, CT

0> -[Cy Dyw]J_ ?:| BgX —~1 OZ [[Cy Dywh_ ?]

- 0 C, 0 —~I 0
] 0 0] [ATX+XA XB, C7T I 0 0

= _Dgwcy (Dyw)r 0 B, X -1 0 _DyTwCy (Dyw)r 0O
|0 0 I C. 0 —9I 0 0 I
[ATX + XA — ’yC’yTC’y XB,(Dyw) .1 cT

- (Dyw){BgX - (Dyw){(Dyw)L 0
R Cz 0 _71
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where we have used the fact that D.,, = 0, B, D], =0, and DD}, = I.
Applying Schur Complement on the last inequality we obtain the equivalent

inequality

[ATX +XA—~CIC, ++71CTC.  XB,(Dy). ] <0
(Dyw){BgX - (Dyw)i(Dyw)L

which is the first inequality in the theorem.
Similarly for the second inequality

O - [Bu Ol)zu]J_ ?] CZY —’}/I O |:|:Bu OZDZU}J_ ?]
- Bg 0 —/
AY +Y AT —~Cfc,  vcI(DL). B,
i BL 0 -1

Using Schur Complement

AY + Y AT —4C7C, +47'B,B,  YCOI(DI,).

(DLYLCY —(DLyr(pry, | ="

which is the second inequality in the theorem.
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Corollary: Assume
1. D,, =0,
2. Dy, =0,
3.DI.C.,=0and DI, D,, =1,

4. B,DT =0and D,,DI =1.

w yw yw " yw

There exists a controller C(s) of order n that stabilizes H(s) and keeps
| Fi (H(s),C(s)) ]| <~ if and only if there exists symmetric matrices
X, Y e R X =0, Y > 0 satisfying the Riccati inequalities

ATX +XA-X (ClC,—v*B,BL) X +CIC, <0,
AY +YA' - Y (C/C,—~7?CIC) Y + B,B,, <0,

with max; |\ (XY)] < ~2.

Proof: We can always choose (D,,,), such that
(Dyw)f(Dyw)L =1
in which case the first inequality in the previous theorem simplifies to

<0
(Dyw)JT_BZX _’7[ ]

Applying Schur Complement and the fact that BwDyTw = 0 we obtain the
equivalent inequality
0= A"X + XA —~C)Cy+~'CLC, + v ' X B, (Dyw) L (Dyw) | B X
=A'X + XA —1CJCy+~7'CIC,+~'XB, [D], (Dyu).] [ ( gy !;“3{] BTX
= A"X + XA —1ClC,+~7'CIC, +~+'XB,BLX

The last inequality is a consequence of

08 0 |(25] = ] 128 w1 =g 1)
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Now defining X, := v !X we have
0=~ (A"X,+ X,A-CIC,+~°CIC.+ X,B,BLX,) .

Dividing by v > 0 and multiplying on the left and on the right by Y = X;l we
obtain

AY +v A" —v (Clc,—y2ClC)Y + B, Bl <0

which is the second inequality in the corollary.
Similarly for the first inequality in the previous theorem we can choose

(D2)L(Dz) =1
so that it becomes equivalent to
AY +YAT —~ClC, + 7B, B, +~7'YCH(DL) (DL)IC.Y <0
Using the fact that D7 ,C, = 0 and defining Y, := 'Y we obtain
0= AY +YA" —yClC, +~77'B,B, + 7 'YCIC.Y,
=7 (AY, + Y, A" - C/C, +~7*B,B,, + Y,CIC.Y,).

Dividing by v > 0 and multiplying on the left and on the right by X = YV_]L we
obtain

ATX + XA-X (CJC,—y*B,BL) X +CIC. <0

which is the first inequality in the corollary.
The third inequality in the previous theorem is

o1
WA SR
which, using Schur Complement, is equivalent to

7237_1 — X
or after multiplication by Y'%/2 on the left or on the right

FUZRYI2 < 21
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which means
m;ax )xi(f/lm)z}}lﬂ) < 72,
After noting that
XyWV2 =y-12 (}71/25({/1/2) y1/2 N V12 571/
we have

max |\ (XY)| = max \(YV2XYY?) < 42,
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Corollary: Assume

1.

6.

o s W

(A, B,) is stabilizable and (A, C,) is detectable.
Dzw - 01

Dyu =0,

DI C. =0and DI D, =1,

B DT —0and D, DL =1,

w~ yw yw T yw

(A, By) is controllable and (A, C'.) is observable.

There exists a controller C'(s) of order n that stabilizes H(s) and keeps
|Fi (H(s),C(s))]|| <~ if and only if there exists X > 0, Y > 0 stabilizing
solutions of the Riccati equations

ATX + XA-X (C/C,—~°B,BL) X +CIC, =0,
AY +YAT —Y (C/C,—~7?CIC,)Y + BB}, =0,

with max; |\ (XY)| < ~2

Proof: The extra assumptions are sufficient conditions for the existence of
solutions to the Ricatti equations, which, through an argument similar to the
one used in the proof of the Bounded Real Lemma, are equivalent to the Riccati
inequalities of the previous corollary.
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